Pada Mymasuuh Byxuh

7 IlapuumjajgHu M3BOAM - IPUMEHE
7.1 TaumreHTHa paBaH

Heka je z = z(x,y) menpeknnno nudepennujabunna (riaartea) yHKIUja IBe TpoMenpuse. Hhen
rpa¢uk je mexa mospm y R3. Tamrentna pasan y tauku A(rg,yo) je paBam Koja caap:Ku CBe TaH-
TeHTHE BEKTOPe KPUBUX Ha MOBPIIN Koje mposase kpo3 tauky M (xo, Yo, 20), 3 = z(x0, Yo)-

Ila BrcMO HAIIN jeqHAYNHY TAHT'€HTHE PaBHU, Tpeba HAM HOPMG-
AG Ha nospws z y omrosapajyhoj tauku. Kako je BekTop mososkaja
IPOM3BOJLHE TAUKe HA NOBpmu & = (x,y, 2(x,y)), TAHTEHTHU BEKTOPU
Ha KoOpauHAaTHE KpuBe z(x,yo) u z(xo, x) y Tauku A(xg,yo) Cy penom

0_:1 = (1503z;(x03y0)) u Ey = (Oa 152;(-T03y0))'

Hopwmamna 7 Ha moBpIm z je HOpMAaJHa Ha OBa ABA BEKTOpA, A je

=0, xdy=|1 0 2(zo,y0)| = (—25(0,%0), —2,(Z0,0),1).
0 1 Z;(zo,yo)

Teopema 7.1. JeqnaunHa TaHTeHTHE PABHU TIaTKe MOBPIM z=z(x,y) y Taukn A(xg,yo) je

z — 20 = 2, (2o, yo) (@ — o) + Z;(iﬁo,yo)(y — Yo)-

Ako je nospw z = z(x,y) gara umoaunuTHO GyHEIUjoM F(x,y, z) = 0, Tama je HOpMaJa Ha MOBII

rauku M (x , 2 R
y (00 0) 7 = (M), Fy(M), FL(M)),
IIa je jenHadynHa TaHMEeHTHE pPaBHU y Tauru M

Fo(M)(z — o) + Fy(M)(y — yo) + FL(M)(z — z0) = 0.

Y cayuajy mapamerapcku gare noppmu r = x(u,v), y = y(u,v), z = z(u,v), Moke ce y3eru ma
/

je i =0y X 0y, vae je Gu = (Ty, Yy, 2,) U o = (T4, Yy, 2)-
Ipumep 7.1. Ha nospmmu gatoj jemnaunnom F(x,y,2) = 22 + yz + 2 — 1 = 0 nahu tauxy y xojoj je
TAHPEHTHA PABAH HOPMAJIHA HA TIPaBY | : x =y = 2.

Tpaxumo rauky M (z9,yo, z0) Ha nospu F' y K0joj je HOMaJsa HA IIOBPIII
ﬁ(M) = (F;a F';a F;)(M) = (2:1;0’ 205 Y0 + 1)

mapaJesHa BEKTOPY MpaBIia fnpaBe l:%=%=2 1j BexTopy = (1,1,1). Ciexm 1a TH BEKTOPH MODA]y

OUTHU TPOMOPIIUOHATHE, TAKIIE,
2:00 20 Yo +1
111

Kako rauka M nexxu Ha mospimu F, BayKu:

Tj. 2o = 2x0, Yo = 229 — 1.

x2+ (20 — 1)(220) + 220 — 1 =0, 1j. 5z3=1, omakmeje xg=+

b
N

Taga je zo = i% nyy = i% — 1. JMakme, mocToje aBe TakBe Tauke My (—%,—% — 1,—%) "
o2 2
M, (TE’W*L%)'



7.2 TejnopoB moJuHOM

Heka je f(x1,x2,...,x,) mudpepennujabunua ¢pyuruuja u a(ai,ds,...,d,) TA4Ka YHYTAP HEHOD
nmovena. Tana je nuueapHa anpokcuMal@ja (TAHTEHTHOM DABHU) Y OKOJUHU Tauke A

fx)=Ti(x) = f(a) + Vf(a) (x —a)
3anpaBo 1eja0po6 noaurom TPBOT cTemneHa 3a GYHKIU]Yy f y OKOJUHU TAadKe a.

WNnak, oBakBa ampokcuMaluja HaM decto Hehe O6uUTH TOBOJHA, IIa IO YCJIOBOM nAa je (yHKIU-
ja [ mudepenmnumjadbuina noBosmaH Opoj myTa, MoskeMo anmpokcmMmuparu ¢yuriujy f Tejmoposum
nosuaoMoM T} cremena k. Tana he ce BpemsocTu ¢yurmuje f M CBUX HEHUX M3BOJA OO pena k
TMOKJIATIATU Ca OArOBapajynuM BpemaHOCTUMA TOJuHOMA T} ¥ TAUKU Aa.

Teopema 7.2. Heka je dbyunkuuja f(z1,22,...,2,) aubepennujadbunaa k mnyra. Tejaopos moguHOM
crenena k dbyukuuje f y okoaunu tauke a = (ai,...,a,) C& MOXKE 3aIUCATH KAO
1 1
Ti(x) = f(a) + df () + 5d*f(a) + -+ + Edkf(a),
rue je x = (1, ...,2,) U IJe HAKOH pa3Boja yaudepeniujaia” 3aMemyjemMo dz; ca T; — a;.
Tana je

f(x) = Te(x) +o(lx —al*) xan |jx —all = 0.

Tejnopos monuuoMm crenena 2 Gpyurmuje f(z,y) y okonuan tauke (a,b) je

Ty(z,y) = f(a,b)
+fa(a,b)-(z—a) + f,(a;b)-(y=b)
+ar (faw(a,b)-(2—0)? + 2fay (a,0)-(x—a) (y=0) + fyy(a,b)-(y=b)?)
I'pemka koja ce jaBba Mpy anIpOKCUMAIIM]U TOJUMHOMOM CTeneHa k je

Ri(z,y) = f(z,y) — Tp(z,y) = md’”lf(a—i— O(x —a),b+6(y—>)), 0€(0,1).

Axo je (a,b) = (0,0), momuuom T} HazmBaMo MaKIOPEHOBUM ITOJIMHOMOM.

IIpumep 7.2. Oapenntn MakiopeHoB moanHOM crerena 2 3a GyHrimjy z(x,y) = In(y + e*).

TpaskeHu MOIUHOM HAJIA3ZUMO MO HOPMYJIH

1
Ty(z,y) = 2(0,0) + 2,(0,0) = + 2,,(0,0) y + 3 (21,(0,0) 2% 4227, (0,0) zy + z,,,(0,0) y°) .
[Torpebun maprujasnm U3BOIHM CY
/ ex / 1 i yex " ex 1 1

T Ty e 2y = y+es Fex = (y + )2’ Zzy:_(y+ex)2’ Zyy:_(y+ez)2’
ma je z(0,0) =0, 2,(0,0) = 1, 2;(0,0) = 1, 2;7,(0,0) = 0, 2;/,(0,0) = =1 u 2/, (0,0) = —1. Taxne,

zZ

1
To(z,y) =z +y—ay — 53/2-

7.3 JlokasmHe eKCTpeMHE BPEIHOCTH

Heka je f(x1,22,...,2,) aubpepenuujabunna pyuruuja u a = (ay, as,. .., a,) TAYKa U3 YHYTPAII-
HBOCTU HBEHOT JoMeHa. Tauke 3a Koje Basku
fe(@)=---=fi. (a)=0, =j. Vf(a)=0

ce HA3UBAJy CMAUUOHAPHUM MAYKAMGE.

Ako je f(x,y) dyHEUMja IO ABE NPOMEHJLUBE, H>EHE CTAIMOHADHE TAUYKe Cy TAdKe y KOjuMa je
TAHIMeHTHA PpaBaH XOPU30HTAJHA.

Teopema 7.3. Tauka y kojoj dynxnnja f mocTrike JOKAIHNA €KCTPEMYM MOYKe OUTH
(1°) meHa crampoHapHA TAYKA, U

(2°) rauka y kojoj dbyukiuja f nuje nudepennujabuina.




C apyre cTpane, He MOpa CBakKa CTAIMOHAPHA TAUKa OUTKU TAUKA EKCTPEMyMa - CTallOHADHE
Tauke KOjeé HUCY U TAUKe EKCTPEMYyMa HA3UBAMO CEOAGCMUM MAUKAIMA.

Hera je a = (a1,a2,...,ay,) je cmayuonapha mavwkae QBATYT oudepeHnujadbuine GpyHKIuje
flx1,29,...,2,). Tana y meHOj OKONUHU BasKu

flatdi) ~ f(a) + 5 df(a),

jep je df(a) = 0, a cBu ocram unanosu cy of||dz|?).

Tako monaszmMo mO KpUTEPHUjyMa 3a €KCTPEMHE BPEIHOCTU:

(1°) ako je d*f(a) > 0 3a cse dry,drs,...,dr, KOju HACY CBU HyJla, OHIA je a TAYKA A0KAAMOZ
Murumyma pyarnuje f;

(2°) aro je d’f(a) < 0 3a cse dxy,dwa,...,dr, KOju HUCY CBU HyJa, OHAA je a TAUKA A0KAANOZ
Mmaxcumyma Gysrnuje f;

(3°) ako d?f(a) Mema 3HAK, Tj. aKO MOk OUTHU U MO3UTUBHO U HETATUBHO y 3aBUCHOCTU O M300pa
dxy,dxsa,...,dr,, OHITA & Huje TAUYKA JIOKAJHOT €KCTPEeMyMa.

Y cayuajy (1°) raskemo ma je KBampaTHU ToawHOM d°f nosumueno depuruman, a y CIydajy
(2°) nezamusno depunuman. Kpurepujym 3a nepuantHOCT ToMMHEOMA d° f maje KBampaTHa MaTpPUIA
OPYTUX MAaPIUjaJTHIX U3BOIA

1 1 1

r1x1 r1x2 L1Tn
1 " . "

H Tox1 ToX2 T2Tn
" " . "

TnTl TnT2 TnTn?

kojy HaszuBamo Xecujanom ¢yuruuje f. Ako cy Apyru mapurjasiHu U3BOAU HEIPEKUIHU, Tala CY
MEMIOBUTHU IaPIUjaHU W3BOAM jeTHAKU, Ia je OBa MATPUIA CUMETPUYHA.

IMocmaTpajmo ciayuaj e npomensmuse. Axo je f(z,y) ABanyT HENpeKUAHO MudepeHnn)aburna
¢yurmmja u M (a,b) Tauka y HEHOM DOMEHY, TALa je

df*(M) = Adz® + 2Bdxdy + Cdy®, rne cy A= fl (M), B=fl (M)uC = f] (M).

OBaj HOMMHOM je YBEK IMO3UTHUBAH aKO M CaAMO aKo je auckpuMmHanTa 4B%2 —4AC =4A <0u A > 0.
Hakne, d’f je mo3uTuBHO medwHUTAH ako 1 caMo ako je A <0 u A > 0.

Teopema 7.4. Ako je [ = f(x,y) dbyukuuja nsejy npomenbusux u (a,b) je Tauka JOKATHOD EKCTPE-
Mywma, onrfia je f,(a,b) = f,(a,b) = 0. IlpuTom, ako ozraTnMo

A= fl.(ab), B=f(ab), C=f)(ab) nm A= B2 - AC :
e akoje A <0u A >0, onna je (a,b) rauka sokaarrnoz munumyma Gyuximje f;
e akoje A <0u A <0, onna je (a,b) rauka aoxaarnoz maxcumyma byuxuje f;

e ako je A > 0, ouga (a,b) Huje Tauka JokajaHOr eKcrpemyma (yHkuuje f;

e ako je A = 0, moTpeGHO je uCnuTaTH W3BOJE BUIIIED PEJIA. ..

Y cayuajy OBalyT HenpekumHo mudepenuujabunne ¢pyaximuje f(z,y,2z) TPU OIPOMEHILUBE, 3HAK
npyror madepernmujaaa d?f ce yrepbhyje momohy Cussecmeposoe kpumepujyma: TOCMaTPaMO KBa-
npatHe Bonehe mogmarpuiie XecujaHa U pavuyHAMO HBUXOBE NETEPMUHAHTE

1 1 1
TT Ty Tz
A _ 1 1 1
) 3 —

Yy vy Yz |-
" " "

Tz yz 2z

1" "
Tx Ty
" 1"

Ty vy

Al = |f;lx ) AQ =

Hera je My cramuonapua Tadvka.
(10) de(Mo) >0& Al(Mo) > O,AQ(MO) > O,Ag(Mo) > 0;
(20) d2f(M0) <0& Al(Mo) < O,Ag(Mo) > 0,A3(M0) < 0.



IIpumep 7.3. OnpeanTtn JgoKaHe eKcTpeMHue Bpeanoctn Gyukimje u(z,y) = 4lnx+5Iny+1In(20—z—vy).

Homen dbynknuje je z > 0,y > 0,2 + y < 20. IIpBu napnujansnu usBogu cy
4 1 5 1
!/ !/

LT

= 0, ma 1mocToju jenHa craionapHa radka M (8, 10).

U, =

r 20—z—y
Crannonapre Taduke cy pernierma cucreMa u), = 0,u
Jpyru maprmajajgHu u3BOIN CY

/
Y

N R e A /. N S
e 2 (20—x—y)2 T (20 — z — y)? vy y2 (20— x —y)?’
Hame je A =ull, (M) =—3, B=ull,(M)=—%,C=uj, (M)=—3,najeA=DB>—AC = —5 <0.

Kaxko je A < 0, rauka M je Taduka JOKAJTHOD MAKCUMyMa (DYHKITH]E.

IMpumep 7.4. Tocmarpajvo byukmmjy f(z,y) = 2% —y? (xunepbomuaku F=a? 2
napabosou).

‘//‘/”/

Hbena jemuna crarmonapwa tavka je M(0,0). Y Toj raukn je A = —C = 2, AN i

B=0wuA=4>0, na M #Huje Tavka JIOKAJHOT eKcTpemyma. lauxka M i )
) ] peMmy

je JokamHu MakcumyM JyK jeane kpuse na nospim (f(0,y)), a JoKagHI

muanMyM 1y apyre (f(xz,0)).

IMpumep 7.5. Tocmarpajvo dynrkmujy f(z,y) = 2% + y>. 2

Ibena jenquna cranumonapua rauka je M(0,0). ¥ roj tauku je

df (M) = d* f(M) = 0,

amm M wmje TauKa JOKATHOT eKCTPEeMyMa, jep "’};";;';';';';';lf;?""’
fmiy
d® (M) = 6(dz® + dy®) s

MOKe s1a 6y/ie M MO3UTHBHO W HETATHBHO.
Y ommreMm ciydajy, €eKCTPEMHE BPEIHOCTH (DYHKIMje MOTY OMTM y pyOHMM TauykaMma IJOMEHa,

UM y TadrkaMma rje (yHKNuja Huje nudepeHnujabuiHa.

IMpumep 7.6. Tlocmarpajmo kouyc z(z,y)=1—+/22 + 32 3a 22 + y>< 1.

3a (z,y) = (0,0) ce nmocruzke riobanHu MakcuMyM (DYHKIHU]E, Zmax = 1,

a cBaka Tavka Kpyxuume 2 + y? = 1 je raobaaHm MUHUMYM, Zmin = 0.
Kako maprnmjamam w3Bogm

’ —T / -y
S S
z /22 + yz’ Y /22 + 2

uucy nedbunucanu 3a (z,y) = (0,0), oBa dbyHKIMja HEMA CTAIMOHAPHUX
TavaKa.

z

7.4 3apgamm

IIpumep 7.7. Hahu jeqpaunHy TaHreHTHe paBHU Ha TOBDIT z = /41 — 422 — y2 y Taukn (2, 3).
Jenmadmia Tpazkene TaHTeHTHe PaBHE je z — 2(2,3) = 2,(2,3)(z — 2) + 2,,(2,3)(y — 3).

Bunnmo na je z(2,3) = V41 — 4 - 22 — 32 = 4 u Hanazum

gy
x 2 ? Yy 2 Y
ma je z,(2,3) = =2 n z,(2,3) = —2. Tpaxena pasan je

2_4:—2x—2—§y—3, Tj. 8z 4+ 3y + 4z =41.
4

IIpumep 7.8. Hahu pacrojame ox emumconna 2 + y? + 422 =4 og papan o : & +y + z = 6.

ITpumernmo na je y raukn M (g, yo, 20) Ha €JINUTICONIY HAJOINKO] TATO] PABHU HOPMAJIA HA eJTNTICONST,
i = (2w, 2yo, 820) MapajeaHa HOpMaJM Ha paBaH i, = (1,1,1). Jakue, 2% = 2% = 8%, na je rg =
Yo = 4zo. U3 ycaosa na rawka M nexw ma emvmcongy noomjamo (4z0)? + (4z0)% + 423 = 4, 1j. 20 = £3.
Cnenu na mMaMo JIBa KaHIAATA, Ml(%, %, %) n MQ(*%, fg, f%) Kaxko je
|%+%+%_6’ | 3 3 3
d(M,, o) = Y S V3 m d(My,0) = =3V3,

TpasKeHo pacrojame je v/3.



IMpumep 7.9. Hahn jeqnaunny TaHTeHTHe paBHE Ha MapaMeTapcku JaTy mospi 7(u, v) = 2u37+uv?j+
2vk Koja mpomasu Kpo3 ravuky (2,1,2).
ITpumernmo na rauku (2,1, 2) onroapa (u,v) = (1,1). Hopmana Ha mospir je

v 7k
=7 x7 =6u? o2 0|=(20% —12u? 12u%),
0 2uv 2

na 3a (u,v) = (1,1) umamo 77 = (2, —12,12). Jennaunua rpakene pasun je 2(x—2)—12(y—1)+12(2—2) =
0, Tj. z — 6y + 62 = 8.

cosx
1+ 2y

IIpumep 7.10. ®yukuujy f(z,y) = amporcuMupaTn MakTIOpEeHOBUM TOJTHHOMOM JIPYTOT CTele-
HA.

TpaxkeHn TOMMHOM HATA3UMO MO POPMYIH

Tal,) = (0,0) + £200,0) 2+ 0,00y + 5 (££2(0,0)2% + 272,(0,0)y + 11, (0,0)5?) .

[MorpebHM MapIMjaTHT U3BOIY CY

[ sinz(l+axy) —cos-y  sinz Y CosT
v (1 +zy)? 14wy (L+ay)?
1= T CosT
Y (At ay)?
o cosx(l+ay) —sinz-y —ysinz(l+2y)? —ycosz - 2(1 + xy)y
_ cosz ysin x y? cosx
C lday T(l4ay)? T (L tay)?
s rsinz cosz(l+ xy)? —ycosz - 2(1 + xy)x
W (14 ay)? (1+ay)*
_ xsinz COS T TYCOST
S (L+ay)? (L+ay)? (14 ay)®
f =2 x? cosxg,
(14 2y)

ma je £(0,0) =1, £4(0,0) =0, f1(0,0) =0, f2,(0,0) = —1, f (0,0) = —1 u f/ (0,0) = 0. Taxze,

1
To(z,y) =1— §z2 — zy.

IMpumep 7.11. Hahu Tejnopos nonunowm crenena 2 3a bynxnujy z(x, y) mary dopmynom 22 —2xz+y = 0
y okomman Tauke (1,1), mpn wemy je z(1,1) = 1.
JudepeHmpajmMo 1aTy jeIHAYUHY O X:

3222 — 22222 =0, 1. zL=-—"0 (1)

Crmano, qudepeHImpameM mo iy 100ujaMo

/

21 / _ : —

2).

Hndepennmpajmo cana jennaunny (1) mo x:

v o 7e(32% —2x) — 2(622, —2)  _—32%2) — 2wzl + 22
o (322 — 2x)? B (322 — 2z)?
Canuno, nudepennmpamen jeanaunua (1) u (2) mo y mobujamo
o 2—32:;,22 — 2z, u o 622, -
b (322 — 2x)? YU (322 — 2x)2
Bamenom (r,y) = (1,1) y jemmaumne (1) u (2) gobujamo z;(1,1) = 2 u 2z,(1,1) = —1, uujom gamom

3aMEHOM y Jpyre maprujate n3pose qobujamo 2y, (1,1) = —16, 2/, (1,1) = 10m 2/, (1,1) = —6. Tpaxenu
Tejmopos momumOM je

To(z,y) =2(1,1) + 2,(1,1)(z — 1) 4+ 2,(1,1)(y — 1)
(2 (L) (@ = 1)* 4+ 227, (1, 1) (z = 1) (y = 1) + 2, (1, 1)(y — 1)?)

=14+2(x—-1)—(y—1)=8x—1)2+10(xz — 1)(y — 1) — 3(y — 1)2.

N | =

+



Ipumep 7.12. Uzpauymarn nputmmkno 1,01198 momohy passujama dbyuxumje z = z¥ y Tejropos
HOJIMHOM JPYTOr CTEeNeHa y OKoJu Tadke (o, yo) = (1, 2).

Heka je x = 1,01, y = 1,98, h =2 — 29 = 1,01 =1 =0,0lmu k =y —yo = 1,98 — 2 = —0,02.
Oxarosapajyhu Tejropos nomuHOM je

To(z,y) =2(1,2) + 2..(1,2)(z — 1) + z;(l, 2)(y — 2)
L (L0 DR+ 22,12 — Dl —2) + 2, (LD~ 2°)

/A y—1 I Y y—2 noo_ y—1 y—1 "o Y2
Hamazumo z;, = yx¥~", 2y = 2¥Inz, 2, = y(y—1)2¥™2, 27, =2~ +yaz¥" Inz u 2, = 2¥ In" x. Crexn

maje 2(1,2) = 1, 2,(1,2) = 2, z,(1, 2)—0 2p,(1,2) = 2, 2/, (1,2) = 1 m z,(1,2) = 0. [axme,
1 2
T2(1,2):1+2~0,01+0~(70,02)+§(2~0,01 +2~1~0,01~(70,02)+0~(70,02))
— 140,02+ 0,0001 — 0,0002 = 1,0199.

IMpumep 7.13. OapeauTn JoKaTHe eKcTpeMHe BpeaHoctn dbyrkmmje z(z,y) = x4 + y* — 4xy.

IIpBo namazumo mapriujatae I/ISBO,Z[e zh = 41‘3 —4dym Zzlz = 493 —4x. CTauHOHapHe TadyKe HAJIA3UMO Kao
pererba cucrema 2, = 0, z; = 0, Tj. 2® =y, y% = x. Cremm ;Laje y=1" 1j.y(y®—1) = 0. Omasae jey = 0
win y = +1, a 3aMEeHOM OBHX BPEIHOCTH y jeIHAMHHY T = y° /:[061/1]&1\/10 CTauHOHapHe rauke M1 (0, 0)

M>(1,1) u M3( 1,—1). Jla/be mamasnmMo Jpyre mapimjaine ussone zh, = 127, Il = —4 w z)} = 12y°.
Y raukn M je A = 2/,(0,0) =0, B =2/,(0,0) = -4, C = 2,,(0,0) =0 A = B? —4AC =16 > 0,
ma y tauku My dyHKIHja HEMa eKcTpeMHy BpemaHoct. 3a tadke My u Ms Baxku A=C =12, B=—4u
A = —-128 < 0, na kako je A > 0, rauke My u M3 cy nokamau MuHuMyMu GYHKIH]E, Zmin = —2.

IIpumep 7.14. OapennTn JoKaiHe eKCcTpeMHe BpeaHocTn byHKImnje z(x,y) = ziy +In(z +y)2.

Obnact medunncanoctn bynkimje je xy # 0,z + y # 0. IIpn maprujamnm n3soan cy
1 2 1 2

r_ _ )
o = z2y+z+y T2y xy2+z+y
Crannonapre tauke cy Mi(1,1) nw May(—1,—1). JIpyrn napunajajsnn n3Boau cy
,, 2 2 / 1 2 ,, 2 2

N T
,Z[ame je A(M1> = A(MQ) = %, B(Ml) = B(Mg) = %, C(Ml) = C(Mg) = 2, I1a je A(Ml) = A(MQ) =
B? - AC = -2 < 0. Kaxko je A > 0, y Taukama M, u M, GyHKIHja HMa TOKATHE MAKCAMYM, Zmin =
1+ 1In4.

IMpumep 7.15. Oapeautn JokaHe ekcTpemue Bpeanoctn gyrkmmje z(x,y) = (22 — 2y?)e 20729,
Hudepennupamwem byukiyje z(z,y) o x u y gobujamo:
2l = 2w — 2 + 2y%)e %, 2, = 2(=2y — 2?4 2y?)e 22,
Pemapamenm cucrema 2, = 0, 2, = 0 mamazumo ma dynximmja nva ase cramuonapue tadxe: Mi(0,0) u

M5(2,—1). Tpeba nposepuTy Aa Ju je y THM TadKama, JOKAJHU eKCTPEMyM, [a HaJIA3UMO JIPYyre Imapiy-
jasmHe m3BoJIE:

2(1 — da + 227 — 4y?)e 272,
2(—2x + 4y + 22% — 4y*)e 2",
2(—2 + 8y 4 227 — 4y?)e 2,

yTa‘{KI/IMljeA:Zé/I:2,B:,2gy:OI/IC:Z;/y:*ZL,HajeA:BQ*AC:*8>OI/ITy
dbyHKIIMja HEMA eKCTpeMyM.

Yraukn My je A=—-5 B=-3nuC=-1 nmajeA=-% <0nxakoje A <0, M, je Tauxa
nokasHoT Makcumyma, z(Mp) = 5.

IIpumep 7.16. OapennTn joKamHe eKcTpeMHe BpeaHocTn byHKImnje z(x,y) = :cyel_lz_yz.
IIpBu mapnujagam U3BOAM Cy

2l = —y(22% — 1)61_””2_3’2, z, = —x(2y° — 1)61_12_1/2.

PemaBaH)eM cucrema z, = 2z, = 0 mamazmmo jga dymrkmmja wva mer crammonaprnx tauka: Mi(0,0),

Ms(— \[ f) Ms(— \%,*7) M4(\/§,*7)HM5(\[ f)



Jlpyrn mapIiujaaHi u3BOIN Cy

2 =22y (22 — 3)61_””2_1’2, Zyy = (222 — 1)(2y° — 1)61_12_3’2, Zyy = 2xy(2y* — 3)61_””2_1’2.

Batauky My je A=C =0u B =e,maje A = €2 > 0 u Taura M| HHje TaUKa eKCTpeMyMa. 3a OCTaTe
CTalMOHAPHE TaYKe Ce Ha MCTU HAa4YWH jo0uja na cy Ms u M, Tauke JOKATHOT MUHUMYMA, (Zmin = —%),
a rauke Mz u M5 Tauke JOKATHOT MAKCAMYMA, (Zmax = %)

: _ 1,1 8
IMpumep 7.17. Hahu cranmonapre tauke dbynkmmje z(x,y) = xy — - + iRt
: /o 1 8 I 1 8

HapI_H/IJaHHI/I n3BoaU Cy 2, =Y + 2 W n Zy =T — y—2 + W cTaHI/IOHapHe Ta4dKe HAJIA3UMO
perraBameM cucrema zh = 0, Zzlz = 0. Oxy3umarseM JIpyre off IpBe jegHadnte 100ujamMo r+y+ I% — y% =0,
onakme je x+y = 0 wmm x —y = x?y%. 3aMeHoM NPBOT yCI0Ba y, PEIUMO, jeaHaanny 2, = 0 jeIHOCTaBHO
nmobujamo crannonapry Tauky Mi(—1,1). JIpyrn ycioB 3axTeBa Majio CHAJAKema:

2

2 =0 - %2“ = (I_gy)z N (x —y)?(2?y + 1) = 822 o (x —y)?(zy + %) = 8z
I zy —1 _ —8 _ 21_ 2:82 —
., 5 (x—y)*(1 —zy*) =8y z

y (z—y)?
1

CabupameM MpeTxojHe IBe jeanaanne qooujamo (x —y)? (E + é) = 8(x+y), Tj. (x—y)? = 8zy, Koju HAM

3ajeIHo ca YCIoBOM = — y = x2y? maje cucreM xy = 2, © — y = 4. Permema 0BOT CHCTeMa, Cy CTAIIHOHADHE

rauke My (2 + V6, -2+ 6) u M;3(2 — V6, -2 — \/6)

IIpumep 7.18. Hahu soxasme excTpeMHe BpeaHocT ByHKIHjE U = 222 + % — 4z 4+ %
IIpBu mapnujagam U3BOAM Cy

v, 2y 227
vy
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w, = 4r —
* x

2 B A : 11 1 :
a peluee CucreMa U, = u, = u, = 0 je cranuonapHa rauka M(3, 7, 7). Apyru napuujanau u3Bou cy
2

292 2y 2 4z 4z 4
"o "o " o_ "o "o "
uzz_4+ ?a umy__ﬁa umz_oa uyy_g""y_ga yz__za ZZ_;
Hame je
b g 12 -8 0
A (M)=12 >0, Ay(M)= =224>0, Ay(M)=|—-8 24 —16|=512>0,
-8 0 —16 16

1

ma je y Tadku M(i, i, i) bynKIHMja U NOCTHKE JTOKATHE MUHUMYM, Umin = —3-



