
Matrice
Matematika 1 - lekcija 2

:::::::: Duxan �uki� ::::::::

1. Odrediti A20, ako je A =

[ √
3
2

1
2

−1
2

√
3
2

]
.

Rexeǌe. Imamo

A2 =

[
1
2

√
3
2

−
√
3
2

1
2

]
, A3 =

[
0 1

−1 0

]
, A6 = A3 ·A3 = E.

Sledi da je A20 = A18 ·A2 = E3 ·A2 = A2, xto smo ve� izraqunali.

2. Izraqunati determinantu

∣∣∣∣∣∣∣∣
−2 2 1 3
0 3 −4 1

−1 −1 2 1
2 0 −1 2

∣∣∣∣∣∣∣∣ .
Rexeǌe. Kao i obiqno, Vi oznaqava i-tu vrstu, a vi + kvj operaciju dodavaǌa j-te vrste
pomno�ene sa k i-toj vrsti. Imamo∣∣∣∣∣∣∣∣

−2 2 1 3
0 3 −4 1

−1 −1 2 1
2 0 −1 2

∣∣∣∣∣∣∣∣ V1 − 2V3

V4 + 2V3

∣∣∣∣∣∣∣∣
0 4 −3 1
0 3 −4 1

−1 −1 2 1
0 −2 3 4

∣∣∣∣∣∣∣∣ = −

∣∣∣∣∣∣
4 −3 1
3 −4 1

−2 3 4

∣∣∣∣∣∣
= −4

∣∣∣∣ −4 1
3 4

∣∣∣∣+ 3

∣∣∣∣ −3 1
3 4

∣∣∣∣+ 2

∣∣∣∣ −3 1
−4 1

∣∣∣∣ = 76− 45 + 2 = 33.

3. Na�i inverz matrice A =

[
5 8
7 11

]
.

Rexeǌe. Kako je A11 = 11, A12 = −7, A21 = −8, A22 = 5 i detA = 5 ·11−7 ·8 = −1, formula

A−1 = 1
detA adjA daje A−1 =

[
−11 8

7 −5

]
.

4. Data je matrica A =

 1 −1 2
2 0 3

−2 4 −1

. Na�i A−1.

Rexeǌe. Koristimo formulu A−1 = 1
detA adjA. Pritom je adjA =

 A11 A21 A31

A12 A22 A32

A13 A23 A33

, za
A11 =

∣∣0 3
4 −1

∣∣ = −12, A21 = −
∣∣−1 2
4 −1

∣∣ = 7, A31 =
∣∣−1 2

0 3

∣∣ = −3,
A12 = −

∣∣ 2 3
−2 −1

∣∣ = −4, A22 =
∣∣ 1 2
−2 −1

∣∣ = 3, A32 = −
∣∣1 2
2 3

∣∣ = 1,
A13 =

∣∣ 2 0
−2 4

∣∣ = 8, A23 = −
∣∣1 −1
−2 4

∣∣ = −2, A33 =
∣∣1 −1
2 0

∣∣ = 2,

i detA = a11A11 + a12A12 + a13A13 = 1 · (−12) + (−1)(−4) + 2 · 8 = 8, pa je

A−1 =
1

8

 −12 7 −3
−4 3 1
8 −2 2

 .

Nije loxe proveriti: A ·A−1 =
1

8

 1 −1 2
2 0 3

−2 4 −1

 −12 7 −3
−4 3 1
8 −2 2

 =

 1 0 0
0 1 0
0 0 1

.
5. Rexiti matriqnu jednaqinu AX +B = A+ 2X ako su date matrice

A =

 6 2 3
2 3 2
1 0 3

 i B =

 0 2 0
−1 1 −2
1 2 −1

 .



Rexeǌe. Datu jednaqinu mo�emo napisati kao AX − 2X = A−B, tj. (A− 2I)X = A−B,
odakle mno�eǌem sa (A− 2I)−1 sa leve strane dobijamo X = (A− 2I)−1(A−B).

Prona�imo (A− 2I)−1 = C−1, gde je C = A− 2I =

 4 2 3
2 1 2
1 0 1

. Imamo

C11 =
∣∣1 2
0 1

∣∣ = 1, C21 = −
∣∣2 3
0 1

∣∣ = −2, C31 =
∣∣2 3
1 2

∣∣ = 1,
C12 = −

∣∣2 2
1 1

∣∣ = 0, C22 =
∣∣4 3
1 1

∣∣ = 1, C32 = −
∣∣4 3
2 2

∣∣ = −2,
C13 =

∣∣2 1
1 0

∣∣ = −1, C23 = −
∣∣4 2
1 0

∣∣ = 2, C33 =
∣∣4 2
2 1

∣∣ = 0,

i detC = c11C11 + c12C12 + c13C13 = 4 · 1 + 2 · 0 + 3(−1) = 1, pa je C−1 =

 1 −2 1
0 1 −2

−1 2 0

.
Najzad, X = C−1(A−B) =

 1 −2 1
0 1 −2

−1 2 0

 ·

 6 0 3
3 2 4
0 −2 4

 =

 0 −6 −1
3 6 −4
0 4 5

.
6. Data je matrica A =

 1 3 −1
2 1 0
4 −2 3

. Rexiti matriqnu jednaqinu X(X + I)−1 = A.

Rexeǌe. Mno�eǌem sa X + I s desne strane dobijamo X = A(X + I) = AX + A, tj.

(I −A)X = A, pa je X = (I −A)−1A. Oznaqimo B = I −A =

 0 −3 1
−2 0 0
−4 2 −2

. Imamo

B11 =
∣∣0 0
2 −2

∣∣ = 0, B21 = −
∣∣−3 1
2 −2

∣∣ = −4, B31 =
∣∣−3 1

0 0

∣∣ = 0,
B12 = −

∣∣−2 0
−4 −2

∣∣ = −4, B22 =
∣∣ 0 1
−4 −2

∣∣ = 4, B32 = −
∣∣ 0 1
−2 0

∣∣ = −2,
B13 =

∣∣−2 0
−4 2

∣∣ = −4, B23 = −
∣∣0 −3
−4 2

∣∣ = 12, B33 =
∣∣0 −3
−2 0

∣∣ = −6,

i detB = b11B11+b12B12+b13B13 = 0·0+(−3)(−4)+1(−4) = 8, pa je B−1 =
1

8

 0 −4 0
−4 4 −2
−4 12 −6


i X = B−1A =

1

8

 0 −4 0
−4 4 −2
−4 12 −6

 1 3 −1
2 1 0
4 −2 3

 =
1

4

 −4 −2 0
−2 −2 −1
−2 6 −7

.
7. Neka je A =

[
1 2 0
2 −1 4
1 0 2

]
. Na�i regularnu matricu X takvu da je XA+A(A+X)−1 = I.

Rexeǌe. Mno�eǌe sa A+X s desne strane daje XA(A+X)+A = A+X, tj. XA2+XAX = X.
Poxto je matrica X regularna, mo�emo da skratimo X sleva: A2 + AX = I, tako da je
AX = (I −A2) i X = A−1(I −A2) = A−1 −A. U ovom sluqaju dobijamo

A−1 =
1

detA
adjA =

1

2

 2 4 −8
0 −2 4

−1 −2 5

 i X =
1

2

 0 0 −8
−4 0 −4
−3 −2 1

 .

Poxto je detX = −8, matrica X jeste regularna.

8. Na�i rang matrice A =


1 0 1 −2
0 2 −1 3
2 1 −3 2
1 1 −1 1

.
Rexeǌe. Elementarnim transformacijama dobijamo

rangA
V3 − 2V1

V4 − V1

rang


1 0 1 −2
0 2 −1 3
0 1 −5 6
0 1 −2 3

 V3 − V2

V4 − 2V2

V2↔V4

rang


1 0 1 −2
0 1 −2 3
0 0 −3 3
0 0 3 −3



− 1
3V3

V4+V3

rang


1 0 1 −2
0 1 −2 3
0 0 1 −1
0 0 0 0

 = 3.



9. U zavisnosti od parametra a na�i rang matrice A =

 1 1 2 0 −1
1 −a 2− a 1− 2a −1 + 4a
2 a− 1 4− a 3− 4a −2 + 4a

.
Rexeǌe. Elementarnim transformacijama dobijamo

A

V2 − V1

V3 − 2V1−−−−−−−→

 1 1 2 0 −1
0 −1− a −a 1− 2a 4a
0 a− 3 −a 3− 4a 4a

 K2↔K3−−−−−→

 1 2 1 0 −1
0 −a −1− a 1− 2a 4a
0 −a a− 3 3− 4a 4a


K3−K2−−−−−→

 1 2 1 0 −1
0 −a −1− a 1− 2a 4a
0 0 2a− 2 2− 2a 0

 .

Za a ̸∈ {0, 1} dobijena matrica je kvazi-trougaona sa svim vrstama razliqitim od 0 i
tada je rang 3. Za a = 1 je K3 = 0 ̸= K2, pa je rang 2, dok je za a = 0 K2 = K3 ̸= 0 i tada
je opet rang jednak 2.

10. Date su matrice A =

 3 4 2
−1 0 −1
2 2 a

 i B =

 1 2 0
1 1 −2
3 0 1

.
a) Odrediti vrednost parametra a za koju matrica A−B ima najmaǌi rang.

b) Za a = 2 rexiti matriqnu jednaqinu AX = B.

Rexeǌe. Ovde je det(A − B) =

∣∣∣∣∣∣
2 2 2

−2 −1 1
−1 2 a− 1

∣∣∣∣∣∣ V2 + V1

V3 +
1
2V1

∣∣∣∣∣∣
2 2 2
0 1 3
0 3 a

∣∣∣∣∣∣ = 2

∣∣∣∣ 1 3
3 a

∣∣∣∣ =

2(a− 9), pa A−B ima rang 3 za a ̸= 9. Za a = 9 rang je 2.

Za a = 2, rexeǌe jednaqine AX = B je X = A−1B =
1

2

 −14 0 4
5 2 −3
12 −2 0

.

Zadaci za ve�bu

11. Izraqunati determinantu

∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 1 1 2
2 2 2 2 3 3
3 3 3 4 4 4
4 4 5 5 5 5
5 6 6 6 6 6
7 7 7 7 7 8

∣∣∣∣∣∣∣∣∣∣∣∣
.

12. Odrediti inverz matrice A =

 1 2 4
3 2 5
1 3 4

.
13. Odrediti inverz matrice A =

 −2 3 1
1 1 2
3 0 5

.

14. Odrediti inverz matrice A =


0 1 2 3
1 0 1 2
2 1 0 1
3 2 1 0

.
Rexiti matriqne jednaqine 15-17:

15. XA = B − 3X, gde je A =

 −2 2 1
2 4 4
1 2 0

 i B =

 0 1 1
1 1 2
2 0 2

;
16. AX−1 = B(X + E)−1, gde je A =

 −2 0 3
3 3 1
2 1 −1

 i B =

 3 2 1
1 0 2
1 1 0

;



17. A(X +B) = 2X +B, gde je A =

 1 −1 1
1 2 −1

−1 −1 1

 i B =

 2 1 0
−4 −6 −1
0 −7 −2

.

18. Na�i rang matrice A =


2 1 −1 0 1
0 0 6 5 2
3 −1 1 3 2

−1 2 4 2 1



19. Za koje a i b je rang matrice A =


1 2 3 2
2 0 −1 a

−1 b 4 a
3 2 2 3

 jednak 2?

20. U zavisnosti od parametra a odrediti rang matrice A =

 3− a 2 0
1 a 0

a− 1 2 a− 2

.

Rexeǌa

11. Determinanta = −6.

12. A−1 =
1

7

 −7 4 2
−7 0 7
7 −1 −4

.
13. A−1 =

1

10

 −5 15 −5
−1 13 −5
3 −9 5

.

14. A−1 =
1

6


−2 3 0 1
3 −6 3 0
0 3 −6 3
1 0 3 −2

.

15. X = B(A+ 3E)−1 =
1

6

 −5 2 1
5 −2 5
20 −8 8

.
16. X = (A−1B − E)−1 =

1

7

 8 10 7
−5 −8 −7
22 17 0

, pri qemu je A−1 =

 4 −3 9
−5 4 −11
3 −2 6

.
17. X = (A− 2E)−1(E −A)B =

 1 1 0
2 1 0

−1 3 1

.
18. rang(A) = 3.

19. (a, b) = (1, 2).

20. rang(A) = 1 za a = 2, rang(A) = 2 za a = 1 i rang(A) = 3 za a ̸∈ {1, 2}.


