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2 Matpurie u jeTepMUHAHTE

2.1 Marpuie

Marpuna popmara m X n je mpaBoyraoHa tabesia 6pojeBa ca m BpPCTa U N KOJOHA. 3alUCyjeMo je y
00 IUKY

a1 a2 -+ QAln
a1 A2 - A2n
Am1 Am2 e Amn

EnementT a;; ce Hanasu y i-TOj BPCTU U j-TOj KOJIOHU JaTe MaTpUIE.
Axo je m = n, MaTpuIly 30BeMO K8aOPAMHOM.

Ksaznparna mMarpuna JuMeH3Uje n je a) OUjaroHaiHa, 6) TOPHE-TPOYraoHa WK B) JOHE-TPOYLaoHa,
akKo je obsumka

airz 0 -+ 0 ai1 a2 v Qi airz 0 -~ 0
0 ap --- O 0 ax -+ a2 az1 az - 0
a) , 0) ) uiu B)
0 0 Qnn 0 0 Ann anl  anp2 Ann

Cabupame marpurna

MoskeMmo cabupartu MaTpule UCTUX (OPMATA TAKO IITO CabupaMo esgeMeHTe Ha oAroBapajyhum mo-
sunujama, Tj. ako ¢y mare Marpute A = [aijlmxn X B = [bijlmxn, Tana je A+ B = [a;; + bijlmxn-

3a marpune A, B, C u myna marpuny O uctux ¢popmarta Baku: (A+B)+C=A+(B+C), A+0 =
O+A=A B+A=A+B.

MHo>Keme MmaTpuie 6pojem

Marpuna ce MHOKE GPOjeM TaKO MITO Ce CBU €JIEMEHTH MAaTPUIE IOMHOMXE TUM OPOjeM, Tj. &[dijlmxn =
[a@ij]msxn-

3a marpune A u B ucrux ¢popmara u koucrarnre o u J Baxu: (a+5)A = aA+FA, a(A+B) = aA+aB,
a(BA) = (aB)A.

MHo>XKehe MaTpuia

Marpune A n B ce TuM pemxoM MOTYy MHOMKHUTH, akO je Anxn U Bpyp. Tana je A- B = Chyxp. Axro je
A = [ai;], B = [bij] m C = [¢;5], Tama je ¢;j = > r_, Gikbgj, Tj. MATpPUIE Ce MHOMKE TAKO IITO CE 3a CBAKy
HO3UIMjY CKAJAPHO MOMHOKE BPCTa U3 IIPBE MATPUIE Ca KOJIOHOM U3 JAPYTe MAaTPUIIE.

Jedunuurna marpuna E unu [ je kBagparHa Marpuna o0IuKa

Axo je A npousBosbHA KBaJIpaTHA MAaTpPUIa UCTe auMmeH3uje kao F, tana je AE=FA=A.

3a marpune A, B, C u D ogrosapajyhux ¢opmara u koucranry o Baxku: (AB)C = A(BC), (A+D)B =
AB+ DB, (aA)B = A(aB) = a(AB).

[IpumeTyMo ma y ommTeM CiIydajy MHOKEH€ MaTpulla Huje KoMyTaTusHo, Tj. AB#BA. [lltaBume, ako
je AB medunmcano, ogma To He Mopa butu u BA.



CreneHnoBame MaTpuie

3a kBanparuy marpuny A u 6poj n € N marpuny A" medunumenmo nanyktusao: Al = A, A"Tl = A" A,

. V3/2  1/2

3 _

IIpumep 2.1. Hahu A°, ako je A = {_1/2 Va2l
/2 V/3/2

—V/3/2  1/2

IIpso pauynamo A%2=A- A= [ 1 0

}; a zatum A3=A%. A= [ 0 1}.

2.2 lerepmuHaHTE

IerepmunanTa je Opoj KOju IPUAPYKYjEMO KBAIPATHO] MATPUALK. SHAMO 13 PAUYHAMO HETEPMUHAHTE
o tpeher pena:
la11] = a1,
ail a2

= 11022 — 0210422,
a1 Aa22

a1 Gi2 a3
21 @G22 Q23| = Q11022033 + (12023031 + 413021032 — (a31a22a13 + agsaz3a11 + a33a21a12)-
az1 agz ass

Heka je mara kBangparsa Marpuna A = [a;;] nuMmersuje n.

Hedunumnuja 2.1. (i) Munop M,;; eremenra a,; je JeTepMUHAHTA pea N — 1 Koja ce J0OUja H30CTaBIba-
bEM i-T€ BPCTE U j-Te KOJOHEe u3 marpuie A.

(ii) Anrebapckn kodakTop (Komruiement) A;; exementa a;; je 6poj (—1)"7 M;;.

Basku mapemnna teopema.

Teopema 2.1. (Jlamacos pa3soj JerepMuHaHTe)
det A = 22‘;1 a;;A;; 3ai=1,2,...,n (pa3soj mo i-T0j BPCTU);

det A=3"" a;;A;; 3aj=1,2,...,n (pa3Boj 0o j-T0j KOJIOHH).

IIpaBuna 3a pan ca meTepMUHAHTaMA.

Axo cy y merepmunanTu D nBe BpcTe (KOJIOHE) mponopuuoHanse, Taxa je D = 0.
3aMeHOM MecTa IBe BpCTe (KOJIOHE) NEeTePMUHAHTA MEHa 3HAK.

ﬂeTepMHHaHT& Cce MHOKU 6p0jeM & TaKO OITO Ce eJIEeMCHTU je,I[He BpcCTE (ROJ’IOHQ) IIOMHOKE Ca .

W N =

IerepMuHaHTa ce He MEHmA aKO CIEMEHTUMA jenHe BPCTe (KOJIOHE) HONAMO CJIEMEHTE HEKE APYTre
BpcTe (KOJIOHE) IMOMHOMKEHe OpojeM a.

5. Bpennoct merepMuHaHTE ropme TPOYraoHE MATPUIE jeTHAKA je MPOU3BOLY €JeMEeHATa Ha TJIABHO]
IVjarOHAJIN.

Basxu det(AB) = det A - det B.

3 1 2 3

4 0 2 4
IIpumep 2.2. V3padyHaru BpeIHOCT JeTEPMUHAHTE o0 11

4 -1 0 5

Osmaunwmo -ty Bpery (Kosony) marpne ca V; (K;), 3ameny mecra i-te n j-te BpcTe ca V; <>V}, MuOKeme ca k
i-Te BpcTe ca kV; u onepaiinjy nofaBama j-Te BpCTe TOMHOXKeHe ca k i-1oj BpcTh ca V;+kV;. Taga nerepmunanTy
MOKEMO M3padyHaTH Ha ciegenn HadwH:

3123 3123 42 4lKke-ri |4 —2 0
4 0 2 4wvi+wvi |4 0 2 4 142 Ks—K;

=1(-1)2[1 1 1 —1 0 of=-2
10 11 1011 T 9 g c s
4 -1 0 5 7 0 2 8



2.3 HMuBep3na marTpwuiia

Hedbunnmuja 2.2. Tpaucnonosana marpura marpure A, y osuamu AT macraje xaza y marpuru A Bpcre
3aMeHe MeCTa Ca OJroBapajyfimm KoJoHama.

Baxu det A = det AT u (AB)T = BT AT,

Hexra je A;; anrebapcku KOYAKTOp €JIEMEHTa a;; y KBaAPATHO] Marpuuu A.

Hedununmja 2.3. Axjynrosana marpuna adj A marpuie A je MaTpuia

T
App A o A
A1 Ay - Agp
. . . (rpancnoHoBana Marpuia KodakTopa).
Anl An2 e Ann

Jedunumnuja 2.4. Nnsepsna marpuna A~ marpune A (ako noctoju) je marpuna 3a kojy saxkn A~1A =
AATl = E.

Axo mHBep3HA MATPUIA IOCTOjU, MATPUILY 30BEMO pezysaphom. VIHaue je MATpUIa cuHyAapHa.

Teopema 2.2. nBep3Ha MaTpHIa MOCTOjU aKO U CAMO aKO JIETEPMUHAHTA MATPUIlE HUje HYJIA.

Kama nuBep3Ha MaTpuIra mOCTOj¥, HAJIA3UMO je TI0 hOpMy/In

_ 1 .
A 1 = mad‘]A

Bagxu (A~ '=Fu (AB) ! =B 1AL

Mampuune jeonawune obmuka AX = Bu XA = B, rne cy A u B nosuare matpune, a X Hemo3HATA
MaTpHIA, pelaBaMo MHOkemeM ca A~! ca jeBe, OmMHOCHO ca JecHe cTpaHe penoM. Tala je peleme

obmuka X = A™'B, ommocuo X = BA™L.

1 1 -1
Ipumep 2.3. Hahu A=, akoje A= {2 1 0
1 -1 1

1 0 1 1/2 0 1/2

det(A) =2, adjA=|-2 2 —2|, maje A'l=| -1 1 -1

3 2 -1 “3/2 1 —1/2

2.4 PaHr marpurie

Hoomampuya Marpune A je MaTpuma Koja HaCTaje M30CTABHAHKEM HEKUX BPCTa WM KOJOHA U3 Ma-
Tpune A.

’,Z[ed)nnnunja 2.5. Panr marpurle je numeH3uja meHe HajBelie KBaapaTHe peryaapHe TMOIMaTPHUIIE.

Panr marpune je 3anpaBo auMeH3rja IPOCTOPA KOjU M€HEPUILY H-eHe KOJIOHe. 10 oaroBapa MaKCUMAJI-
HOM OpOjy HBEHUX JMHEAPHO HE3aBUCHUX KOJIOHA, 33 IITAa C€ UCIOCTAaBJ/hA Aa je MCTO IITO U MAaCKUMAJIAH
OpOj HEHUX JUHEAPHO HE3ABUCHUX BPCTA.

Panr marpune padyHaMo KOpumhemeM eaeMenmaphus mpanc@opmayuja MaTpULe:
1. 3amena mecta nse BpcTe (KOJOHE);

2. MHOKEH€ eseMeHaTa jemnHe Bpcre (KOJIOHE) HeHyJa 6pojeM;

3. MHO:KeHme esqeMeHaTa jenHe BpcTe (KOJIOHE) HeHysIa OpojeM u mozaBame Ha onrosapajyhe ememente
Heke Apyre Bpcre (KOoJoHe).

[IpumenoM enemerTapHUX TpaHCcHOpManUja T00OUjajy ce exgusasenme MATPHUIE - OHE KOje UMa]jy UCTU

P
paur. [IpunukoM HaIakema paHra MATPUIy CBOIUMO HA KBA3U-TPOYTAOHY MATPHUIY OOJIMKA {ﬁ%’

rae je P (perymapua) ropme tpoyraona marpuna n O Hysga Marpuna. Tazna je panr MaTpule jemHaK
auMeH3uju marpuie P.



2 1 -—-a
IIpumep 2.4. VY 3aBucHocru oj] napamerpa a wahu panr marpune A= (1 3 —1|.
3 —a -1
IIpso pagynamo det A = a® +7a — 8 = (a — 1)(a + 8). Crnequ 1a je 3a a # —8 u a # 1 marpuna A

) 2 1 .
peryaapha, na je men panr r(A) = 3. Unaue nocmarpamo (Bomehy) mommarpuiry | 3| Keja je peryrapua

(pema merepMuHAHTA je 5), ma je r(A) = 2.

2.5 ConcTrBeHe BPEeJHOCTH U COTICTBEHU BEKTOPU MaTPUILE

Hedununuja 2.6. KapakTepuCTuaHN MOJUHOM UIN KAPAKTEPUCTUYIHA jeTHAYNHA, KBaApaTHe Marpuie A

je Xa()) = det(A — AE),

Hedunuurmja 2.7. Coucrsene BpegHocTu Marpuie A cy HyJle BEeHOD KAPAKTEPUCTUIHOL IOJTMHOMA.

Corcreenu BekTop Marpuie A Koju oaropapa cOICTBEHO] BpeAHOCTH A je 610 Koja KoJioHa MaTpula v (Koja
HUje HyJ1a MATPULA) 33 KOjy Baxu Av = Av.

IIpumep 2.5. Hahlu concrBere BpegHOCTH U jeaH CONCTBEHU BEKTOP MaTpuie A = {_Z g} .
CoucrBene BpeanocTu cy peiema jeauadune det(A — AE) = 0, 1j.

’6)\ 3

4 5—)\‘:0’

onakJe mobmjamo jemmaumuay A2 + A — 42 = 0. JlakJe, COTNCTBeHe BPEIHOCTH ¢y —7 1 6.

Haljumo caza comcrBeHn BEeKTOp KOju OJroBapa corcrBeHoj BpeaHoctn A = 6. Heka je v = L’] Tpeba na

4 - -0

O6e jennaumnue ce cBoze Ha y = 4x, 14 je CONCTBEHU BEKTOP OHJIO KOju BEKTOPA 00JIMKA ¢ [4] (c#0).

2.6 3agamnu

1 2
-1 . o
1. Hahu A7, ako je A = [3 4].

Pememe. Kako je det A= ‘zl)’ i‘ = — 2#.0, nmocroju A™!, Kojy HaTA3UMO IO HOPMYIH
1 114 -2 -2 1
-1 _ . .t _
A= A= {3 1 ] {3/2 ~1/2|"
2 0 1]
2. Pemmuru marpuuny jemnaumuay AX = A+ F+2X, rmeje A= |[—-1 3 0f.
0 2 1

Pememe. JlaTy jemmaumay Moskemo HamucaTu y obmuky (A —2FE)X = A+ E, onakne je X = M~IN,
roe je M = A—2FE u N =A+ E. Ilakae,

0 0 1 3 01
M=|-1 1 0 u N=|[-1 4 0
0 2 -1 0 2 2
Hasme mamazumo det M = —2,
-1 2 -1 ([ 2 -1 [3 01 5/2 —3 3/2
adiM=|-1 0 -1 =m X:§ -1 0 —-1{-|-1 4 —-0|=13/2 1 3/2
-2 0 0 -2 0 0 0o 2 2 3 0 1



3. Pemmtu matpuuny jemmaunny (A+ X)~! = BX ™!, rme cy mare marpune

1 0 1 1 3 0
A=12 1 1lmB=|0 0 1].
0 -1 0 1 01

Pememe. MuoskemeMm nare jeqnaunne ca A+X ca seBe u ca X ca mecHe cTpaHe q00OKjaMoO jeTHAYUHY
X =(A+X)B, 1j. X(E— B) = AB. Axo yBenemo osnake M = E — B u N = AB, tazna je TpaKeHO
pememe X = NM~!. [IpBo HaIa3UMO MATPHUIE

0 -3 0 2 3 1
M=|0 1 -1 n N=|3 6 2
-1 0 0 0 0 -1
Hame je det M = —3,
00 3 —4/3 -1 -2
adiM=1(1 0 0| u« X=|[-8/3 -2 -3
1 3 0 /3 1 0

4. Pemmuru marpuuny jemnaunny AXB = AX + F, rue cy nare MaTpuie

1 2 =2 -1 0 2
A=|(1 2 —-1f{uB=|0 2 -1].
-1 0 3 0 1 2

Pememe. [lata jemnauuna ce moxke Hamucatu y obnuky AX(B — E) = E, onakie ce MHOMKEHEM Ca
A~! ca nese u ca (B — E)~! ca mecme crpane nobuja X = A"Y(B— E)"! = ((B— E)A)~!. Heka je

-2 0 2 1 2 -2 -4 —4 10
M=B-EA=|0 1 —1|-[1 2 —1|=|2 2 —4| =2P,
0 1 1 -1 0 3 0o 2 2
-2 -2 5]
rneje P=1]1 1 —-2|. Tana je det P =1,
0 1 1]
(3 7 -1 1 3/2  7/2 —1/2
adjP=|-1 -2 1 u X:ipflz -1/2 -1 1/2
1 2 0 /2 1 0

5. V3pauyHaTtu BpegHOCT OETEPMUHAHTE

— == =N
= o= =W
L SN
— Ol = = =
o I T

Pememe. Pauynamo:

21111 2 1 1 1 1
1311 1wn|-1 2 0 0 0 jggg
L 141 1==|-1 0 3 0 0=", o o |,
L 115 1yten| -1 0 0 4 o |\ L o
11116 -1 -5 -5 -5 0
-1 0 0 O
Kyt2K, | -1 -2 3 0__:3 8 2__ o]0 4 g2 4
-1 -2 0 4] 97 _5 _5 -5 =5 =27 =5
-1 =27 -5 -5
=394.
a b ¢ d
a? v? 2 &2
6. M3pauyHaTtu BpenHOCT merepMuHaHTe D = BB A Bl
at bt ot dt



Pememe.

1 1 1 1?—? 1 0 0 0
a b ¢ d|E-K a b—a c—a d—a
D =abed a? ¥ 2 &P = abed a? —a? 2-a? d&P-d?
3 ¥ B B B B_ad B_ad B3
1 1 1
=abed(b — a)(c — a)(d — a) b+a c+a d+a
2+ba+a® E+ca+c® d®+da+a®
nglfgl 1 0 0
=—2abcd(b — a)(c —a)(d — a) b+a c—b d—b
bV +ba+a? (c—b)la+b+c) (d—b)(a+b+d)
1 1

=abed(b — a)(c —a)(d —a)(c—b)(d —b) atbtec atbid

=abed(b — a)(c — a)(d — a)(c — b)(d — b)(d — ¢).

2 -4 3 1 0
1 -2 1 -4 2

. Hahu panr matpurne A = 0 1 -1 3 1|
4 -7 4 -4 5

Pememe. IIpumenom eneMeHTapHUX TpaHChHOpPMAIUja HAIAZIMO

1 -2 1 -4 2 S -2 1 -4 2
g |2 -4 3 10 vizf;vi o 0 1 9 -4
0 1 -1 3 1 0 1 -1 3 1
4 -7 4 -4 5 0 1 0 12 -3
1 —2 1 -4 27 1 =2 1 -4 2
Voo |01 =1 3 1| vi-v (0 1 -1 3 1
“ 1o o 1 9 -4 T lo 0o 1 9 -4
0 1 0 12 -3] 0o 0 1 9 -4
1 —2 1 -4 27
v,-vs {0 1 -1 3 1
“lo o 1 9 -4
0o 0 0 0 0]

Haxrne, r(A) = 3 (jemmak 6pojy HeHyJa eJeMeHATa Ha TJIABHOj IVMjATOHAJM).

. Y 3aBucHOCTHM o1 mapaMerapa « u [ Hahu panr marpuie
1 2 3 -1 4

3 -1 0 2 -1
-1 5 6 1 10

3 6 o B 3

Pememe. Pauynamo

A:

Va3 (1 2 3 -1 47 1 2 3 -1 4
Vi3 [0 =T =9 5  —13|wiwn |0 -7 =9 5 —13

0o 7 9 0 14 0 0 0 5 1

0 0 a-9 B+3 -9 0 0 a—9 B+3 -9

1 2 4 -1 3 1 2 4 ~1 3

Keoks |0 =7 —13 5 -9 | vitons |0 =7 —13 5 -9
“ lo o 1 5 0 “ lo o0 1 5 0
0 0 -9 B+3 a-9] 0 0 0 B+48 a—9

Harne, 3a f=—-48 u o =9 je r(A) = 3, a unaue je r(A) = 4.



