Pada Mymaesuuh Byxuh

3 EaemeHTH Teopuje rpeiraka

3.1

ITojam mu BpcTe rpermiaka

IMocmaTpajmo npobaem npubawkHOr onpebusama Beauunne y = A(x), rae je omepatop A takas ma

Cce pelleme He MOMe eKCIUIMIUTHO HAIMCATU MM TadyHo uspadysary (mnp. y = [ 'z(t)dt, npu uemy oBaj
VHTErpaJs KOjU HUje eJIEeMEHTAPHO U3PAUYYHILUB):

MOYKEMO 3aMEHUTHU (YHKIU]Y T IOJMHOMOM MM HEKOM IPYIOM (YHKIVjOM I YUMUjU MHTErDaJ 3HAMO
Ja “3padyHaMO UIU

MOKEMO 3aMCHUTY MHTErPaj GECKOHAYHOM CYyMOM - omeparop A ce 3aMemyje GIMCKAM OIepaTOpOM
A nma 6u ce mspauyHasa BpenHoct § = A(Z).

I'pemkom ce onemyje KOIUKO je TPUOIMKHO pellemne § OIMCKO TAYHOM Pelleny Y.

Paznukyjemo cnemehe Tunose rpemaxa:

3.2

Heomkaorwusa 2pewra (HacTaje 360r HEOCTATKA MATEMATUYIKOI MOMAEJA WM PENIKe yJIA3HUX HOJa-
TaKa);

epewra memode (HacTaje jep ce OMEPATOD WM yJAa3He BEJUYMHE 3aMEH Y]y NPUOIKHUM );

POUYHCKA 2DEULKA UAY 2PEULKE 3G0KPYIAHCUBAIbA, KOja he OuTy meTasbHUje ONMMCAHA y HAPEIHO]j MOICEK-
ouju.

IMpubauxkuu 6GpojeBn

3anaBame mpubm>kHUX OpojeBa

HaBomumo paznnunre HaumHe 3anaBama IPUOIMKHUX OpojeBa.

1.

Banuc y Purcnom 3apesy je onpeben mpupomauM GpojeBUMA Ny U Ny TAKO ma ce 6POj 3ammucyje ca
n1 uudapa UCHpen u ng nudapa m3a JEIUMaHE TAUKE.

Hup. ako je n; =4 u ne = 6, 3amuc 6poja 12.4453 y ¢purcrom 3apesy je | 0012]445300 |.

3anuc y nokpemmom 3ape3y - MONOkaAj menuMaiHe (OuHapHe) Tauke Huje Qurcupas, sehi ce oH y
OonHOCY Ha IpBY mu¢py 3amuca onpebyje 3amaBameM €KCIOHEHTA,

a=p-10% (a=p-27), rmeje |p| <1 manmuca u q € Z excnonenm.

Bpoj mudapa manTuce ¢t u 6poj nupapa eKCIOHEHTA € CY (PUKCUPAHU.

Hop. ako je t =7 u e = 2 3anucu y TOKpeTHOM 3ape3y Opoja 12.4453 mory Owuru | 1244530(02 | nin
012445303 |.

Ila 6u 3ammc y IIOKPETHOM 3ape3y OMO jeIWHCTBEH, Ne(QUHUIIE CE HOPMGAU3Z0SAHU 3AINC Opoja y
HNOKPETHOM 3ape3y - OHaj y KOMe je IpBa Iu(pa MaHTHUCE pas3anuurta o Hyse (y HAIleM HPUMEepy
OPBU 3AIUC jé HOPMAJU30BAH).

Yrnuko 6poj uma Buime on t mupapa, HEroB HOPMAJIN30BAH 3alC NPEACTAB/bA CAMO IPUOIKHY
BpemHOCT maTor 6poja.



ArmncosryTHa m pesaTMBHA rperrka

Axo je a TayHA BPEOHOCT HEKE BEJILKUHE, a G HeHA TPUOIMKHA BPETHOCT, OHIA CY

la —a| anocoaymmna epewra u u PEAGTNUBHE 2PEWKE,
a
U TPaHUIlE allOCYJITHE U DeJaTHUBHE I'DENIKe CY PeaoM
la—a <A@ m '“;“‘ <4(a)

IIpouentyaana rpemka je §(a) - 100, a npomunna d(a) - 1000.
ITomTo TauHa BPEAHOCT Opoja a OOMYHO HHUje MO3HATA, Y HPAKCH Ce Kao T'PAHUIA peJaTUBHE I'DeIlKe
KOPUCTU KOJIUYHUK

A(a)

lal -

d(a) =

3HauyajHe U curypHe mudpe nIpudanXKHOr Opoja

3nauajne yugpe Heror 6poja cy cBe mudpe meroBor 3amuca, nonazehu on npse Henyza mudpe ca aese
crpane. To 3maum, ako je y 3amucy 6poja

a=ap-10" +ay- 10"+ +a,, - 107! (3.1)
npu vemy je ay # 0, orma cy cse mudpe aq,qs,.. ., &, 3HAUAJHE.

ITpumep 3.1. V 6pojy a = 0.00443100 cBe nudpe n3y3es npee TP Hyse Cy 3HAYAjHE - & T€ HyJIe HACY 3HAYAJHE
jep 6poj Mozke s1a ce Hamuce 1 6Ge3 mUX, HIP. HOPMAIM30BAH 3alUC y HOKPETHOM 3ape3y je a = 0.443100 - 1072,
[locnenme npe Hys€e jecy 3Ha4YajHe, jep yKa3yjy Ha TAIHOCT ca KOjoM je 6poj mar.

Suavajua muppa ai 6poja a y uspasy (3.1) je cueypna yugpa, ako ancosyTHa rpemka 6poja Huje Belia

On HeKaJHe jeIMHWIE KOja oAroBapa Toj nudpu (10”’}”1) TMIOMHOKEHE 33JaTUM TEXKUHCKAM (HAKTOPOM W,
Tj. Tpeba ma BasKu

A@) <w- 10" 0<w <l (3.2)

IIpu Tome, ako je:
o w< %, nuppa je cuypra Yy yrHcem cMucay,
° % <w < 1, mudpa je cueypHa y wupem cMUcLy.
Axo je muppa o curypHa, oHZa Cy U cBe nudpe ai,...,Q,_1 CUTyPHE.

IIpumep 3.2. Axko ce sna ga je A(a) = 0.5-107° anconyrna rpemxa npubmuzuor 6poja a = 0.00443100, onma
cy curypue mudpe 4,4,3. Iocneamwe tpu mudpe 1,0,0 aHucy curypue jep je 063upoM Ha, ariCOJYTHY TPEIIKY
0.00442600 < a < 0.00443600, ma ce mocieame Tpu 1udpe Opoja a ¥ G MOTYy PA3JIUKOBATH.

[Ipunurom oxbanuBama nupapa Koje HUCY CUT'ypPHE, MOCIenmha Iudpa ce Mema TaKko a Oyne CUrypHA
y V3KEM CMUCIY:

nocyeqmba CUrypHa mudpa o ce Hehe Memaru ako je:

o apy1 <5 um

¢ a1 =5, a,=03am>k+1, a ap je mapso.

Y ocramum ciaydajeBuma «j ce mosehasa 3a 1 (mpumeTumo ma je OBO CTaHZADAHO 3A0KPYKUBAmE OPO-
jeBa). Y mamem mpumepy, nociae onbanuBama nudapa koje nucy curypue je a = 0.00443.

IIpumep 3.3. Baokpykumo 6poj a = 12.336, A(a) = 0.03 Taxo na My cBe 1udpe OyIy CHTYpHE y yIKeM CMUCIY.

Kaxo je A(@) =0.03<0.05=1-10"'nun=1,mn—k+1=—1 nobujamo na je k = 3, na cy curypne
nudpe Opoja a y yxem cmucay 1,2, 3.

3aokpyxumMo Opoj a Ha Opoj ca Tpu mudpe, Tj. a1 = 12.3. I'permnka koja ce jaB/ba Npu OBOM 3a0KPYKUBAY
je A; = 0.036, na je npubauxan 6poj a; mar ca rpemkom A(ar) = A(a) + A; = 0.03 4+ 0.036 = 0.066 > 0.05,
10 6pojy a1 nocienma mudpa 3 HUje CUTYyPHA Yy Y2KEM CMUCILY.

3a0KpykuMo caga O6poj a Ha 6poj ca ase curypue uudpe, Tj. Ha 6poj ay = 12. I'peuika koja ce jaBsba 1pu
0BOM 3a0Kpy»kuBamy je 0.336, ma je mpubamzkan 6poj as mar ca rpemkoM A(az) = A(a) + A = 0.336 +0.03 =
0.366 < 0.5, ma cy y 3a0KpyKeHOM OpOjy do = 12 00e nudpe curypHe y yKeMm CMHUCITY.



Namehy 6poja curyprux nudpapa 1 pejaTuBHE I'Dellke nocToju cieneha Besa

w w

Y @< —2 0<w<l, .
e rior <@ S g 0<w (3:3)

rzue je k 6poj curypHux mupapa 6poja a, a o1 HErosa IpBa CUI'ypHA Iu@pa.

CrabuaHocT HyMepuYKOr ajiIropurMa

Pauyname ca npubamkauM OpOjeBUMa yTUUE HA T'PEIIKY KOHAYHOT PEe3yJITaTa.
Hymepuuku anropuram je cmabusan, ako ce padyHCKa IpeIika He akyMyiaupa. VHade je nemabusan
U TaOa Ce jaBJba BEJIWKA I'PENIKa KOHAYHOI PE3yJITaTa.

UecTo je y3pok HECTAOMIHOCTY HYMEPUYKMX aJIlOpUTaMa I'yOuTak CUrypHUX nudapa, G0 Kora JOJIa3U
ony3uMameM OancKux Opojesa.

IIpumep 3.4. Mamu KopeH KBaapaTHe jesHaunne r2 — 140z +1 = 0 je a = 70 —/4899. Y zamucy ca 4 curypue
uudpe je V4899 ~ 69.99, na je npubmmxkua BpegHoct osor kopena a = 0.01. lobujeru pesyarar je ca camo
jemrom curyprom mudpom u penaTuBHa rpemka je §(a) = 1 = 100% (npumena necue mejemnakoctu y (3.3) 3a
w = 1), mTo 3HauM 13 je KopuiheHn aJroputam HeCTaOU/IaH.

Crabunan aaropuTam 3a padyHAme OBOT KOPEHA, je

T899 1 1
70+ /4899 70 +/4899 70 +69.99

= 0.007143,

omoryhasa mobujame pesynrara Ha 4 curypre nmdpe, ca peIaTuBHOM TrpermkoM 6(a) = 1.4 - 1074,
y ] pesy. yp pe, ca p p



3.3 TI'penike npubam>kHuX BPeIHOCTH (PYHKIIHIjA

Heka je y ¢pyuruuja napamerapa a = (ay,...,a,) € D, y = y(a) u Hera je § npubiamwkHa BPEAHHOCT 34
y. AICONyTHa U peJaTUBHA TPEIIKa BEJWYUHE § Cy PEeIOM
_ _ __ A)
Alg) =suply(a) -yl m () =—"-
aeD |y|
Ako je obuact D n-muMeH3MOHUM NpaBOYTraoHUK |ap — ap| < A(ax), k = 1,...,n, roe je y = y(a), a =
(@1,...,0,) 1 QyHKOUja ¥ je HEIPERUAHO IupepeHmmjabunna, Ha ocHOBY Jlarpamkose Teopeme (0 CpeIH O]
BPEIHOCTU QYHKIUjE) BAKA
ylal,...,an) — 7= T%(cl,...,cn)(ak—&k), cp =ak+0(ax —ag), k=1,...,n.
k=1
Cnenu na je
A <Y sup | 2 ()| AGa). (3.4
=1 acD a
Y mpakcu ce yMeCTO OBE OLEHE KOPUCTHU AUHEAPHA OUEHA ANCOAYMHE 2pewke GyHKyuje
n
_ Ay _
A(y) =) |5 (@) Aay), (3.5)
1 8ak

IpU YeMy BaykKu
A@) +eilp) SA@) <A®G) +ea(p),  p= VA @)+ + A2an), g5 =o0(p), j=1,2,

mTo 3HauM Aa je omeHa (3.5) 3amoBosmasajyha 3a Maje alcoyTHE TDeEIIKe apryMeHTA.

AKO Ccy yMeCcTO ropmux IpaHula ancoayre rpemke A(ag) gaTe JOPHE IDAHUNE PEJATUBHE DENIKe

r(ax) = A(ag)/|ax|, mmamo
5(y) =

k=1

—>—(a)

7 9a r(a). (3.6)

IMpumep 3.5. Ozpenutu rpemky Bpemnoctu dbynkmmje y = 1% 3a a = 1 u A(a) = 1073.

IIpro HamazuMoO
dy

y=1,
na Ha ocHoBy ¢dopmyiie (3.5) mobujamo
_|%
ox
IMpumep 3.6. Oxpeaurn 6poj cnuryprnx mudapa y BpeanocTH dbyHKIHMje z = cos £, 3a T = 2.345 u § = 3.4567,
aKo Cy cBe HammcaHe Iudpe CUTYPHE Y yKEeM CMUCTY.

A7) (1)’ A(a) = 1073 = 0.01.

Kaxko cy nare nudpe curyphe y yskKeMm CMHCTy, TO Cy TPaHHIE alCOMyTHUX rperaka aprymenara A(Z) =
0.5-107% u A(y) = 0.5-10~%. Habhuwmo jorm mapumjanne ussose gate GyHKIHje:

) i g ) 1
8%(33,@) =Y ~sin% ~ 0.63, a—;(:ﬁ,y) = ——.sinZ

<

~ —0.42.
T xT

Konaumno, rpanuia ancojyTHe Tpenike npubaukiue Bpeanoctu dyHkimje je npema dbopmynu (3.5)
A(Z)=063-05-107°+0.42-0.5-107*=0.34- 1072 < 0.5 - 1073,
ma je mpubmmKHA BpeaHocT (MYHKIHjE Z = sin% = 0.096573... &~ 0.097 mara ca ase curypue nudpe (HaKOH

3a0Kpy’KHBamka Ha JBe 3HauajHe mudpe mobmjamo z = 0.097 ca rpemxom 3aokpyxubama A < 0.5- 1073, ma je
3a MpUOIMAKHY BPEIHOCT Z rpaHmna arncomyTHe rpemke A(Z) + A < 1073).

W3 onmrer m3pasa 3a rpemky (YHKIMje Ce MOTY OLEHUTHU I'DENIKe KOje HACTAjy OPU CTAHIAPIHAM
omepalmjaMa ca IpubImKHUM OpojeBuMa.

1. JluneapHa oIleHa AICOJyTHE I'PEMNIKe 30upa WM Pa3iiuKe jeqHaka je 30Upy AICOJNYTHUX T'PeIraka
apryMeHTa.

2. JluneapHa omeHa peJaTUBHE I'DEIIKE IPOM3BOAA MIM KOJIWJIHUKA jeOHAKA j€ CyMU DPEJATUBHUX Ipe-
ImakKa apryMeHaTa.



3.4 O6paran (uaBep3aH) MPobBIEM T'pEIKe

OOpran nmpobieM rpemke OPEACTaB/ha HAJAKEHE MONyCTUBUX I'Dellaka apryMeHaTa, IPU KOjUMa
rpemka (yHEOUje HE Ipeja3’ MO3BOJHEHY BPETHOCT. 3aAaTaK j€ jeOHO3HAYHO DEIIMB CaMO 3a (yHKIU]y
jemsor aprymenta y = y(x). Ako je Ta QpyHKIMja qudepeHIUjabuIHa, OHIA je

y—g=y()(z—1), c=a+0a—a), 0<O<I,
na je 3a y'(c) #0 ~
x—izy_y.
y'(¢)

I'panuna amcoayTHe rpemke je mpubmmkHo onpebena pesmamujom

A(y)
AlR) = 2 Y/ (&) £ 0.
' (@)’
AKo je y QyHEIU]ja BUIle OPOMEHILUBUX, ¥ = Y(Z1,...,%,), OHIA CE 3aTaBaleM IDEKe QyHKINje 3a1aje
camo jemua Be3za maMmeDy n memosmatux A(Z1),...,A(Z,). Aro je 3amara JuHeapHa OLEHA AICOJYTHE

rpemke ¢yurnuje (3.5), MomATHU YCJIOBU KOje ANCOJNYTHE I'PEMIKE apryMeHaTa Tpeba Ia 3a10BOJLaBajy
neduHUITY ce HA jemaH ox ciaemehux HavwmHA.

%(i)‘ A(Z,). Tana je

ﬂ(;{)’ AF) ==

(i) IHpunyun jednaxuz ymuyaje: |z

9y

A(y) =n (X)|A(@k), maje A(zy)= ;o k=1....n
Oxy, n|2v (%)
Zr
(it) Ipunyun jednarxux ancosymuuz zpewara: A(Z1) =--- = A(z,). Tana je
n _
_ _ oy ,_ ) _ A
8 =A@ Y [ 2w, waje M= oD k=1
=119 =1 |5a; (%)
OBaj IpUHIUI Ce MOKe MPUMEHUTH CAMO aKO Cy NMPOMEHJLUBE UCTE AUMEH3UjeE.
(#41) IHpunyun jednaxuzr peaamuenuz epewara: §(T1) = --- = §(Z,). Tana je
A(Z) & 0 A(9)|z
A6 = TSl @] me A= SO k1
el i3 i 21 jjﬁyj()—()

Onpenutu ca konrkoMm taynomly tpeba nahiu npomensmuse z, y 1 z na Ou ce Benuuuna f(z,y,z) =

x;’i%f m3pauynaaa ca tauromhy 1072, ako cy mpubamksEe BpemHOCTH apryMeHaTa T = 2.16, § = 1.12 u

z = 1.44, npu yeMy Cce KOPUCTM IPUHIVI jeTHAKAX YTUIAja HA T'PEIIKY.

W3 ycaoBa 3amatka Tpeba ma BarKu

of _

_ 0 _
IpU YeMy je of of o
Z @986 = L @5.9| 86) = L @n.2)] a0
omarye nodujamo
_ 1073 ~ -3 _ 1073
A(Z) < 5 < 0.00418, A(y) < 5 < 0.00077, A(z) < oo 1< 0.00164.
3|9L(7,5,2)| 3|90(7,5,2)| 3|5L(7,5,2)|




3.5 VYcaoBspeHOCT mpobiieMma

3a npecaukasame y = f(x) 3aHMMa HAC KAKO Ce MaJjie MPOMEHa YJa3HUX BPEIHOCTU X OApaskaBajy Ha
IpPOMEHe M3Ja3HUX BPETHOCTH Y, Tj. OCETIbUBOCT IIPECINKaBama [ y HEKOj AATO] TAYKM HA MaJie IPOMEHe
z. CreneH Te yCIOBILEHOCTU MEPU (HaKmMop YCA08HEHOCTIU WA KOHOULUOHY 6p0oj TTpecankaBama [ y Tauku
z. [Ipu Tome mpernocraB/baMo Oa ce QyHKIMWja U3paUyyHABa TAYHO, Ia (AKTOP YCIOBJFEHOCTU HE 3aBUCHU
Ol aJITOPUTMa KOjUM ce (yHKNUja M3padyHaBa.

Hera je pymrnmja f madepenunjabunna (y HEKOj OKOIMHU Tauke x). Tana 3a npomeny Ay Ha OCHOBY
Tejnopose popMye Baxku

!
Ay =~ f'(x)Azx,

a 3a PEeJIATUBHE I'DEIIKE BarKU
xf' () Ax
flz) =
OBa ampokcumaiuja mocraje TadHa kana je f auaeapHa ¢yHruuja wiam kaga Axr — 0. Ha ocuoBy oBe
aIpOKCUMAIje, YCIOBBEHOCT GyHKUUje f y Tauku x je

~
~

Ay
y

zf'(z)
f(z)

U Mepu KOJUKO je IIyTa pejaTuBHaA mpoMeHa y Beha on penarusBme mpomene x. IIITo je oBaj 6poj mame
(Behin), npoGuem je Gome (cmabuje) ycaosmen. Axo je x =0 u y # 0 paKkTOp YCIOBILEHOCTH I€(YUHUATIEMO

(cond f)(z) =

kao |f'(z)/f(x)|, ako je y = 0 mw = # 0, Tama je cond f(x) = |zf'(z)|, a aro je x = y = 0, Tana je
(cond f)(x) = | f'()].
IIpernocrasumo cana na f: = (X1,...,Zm) =y = (Y1,---,Yn), Tj.

yi = filz1, .., xm), i=1,...,n.

JakobujeBa Marpuna npecaukaBama f je

Of O ... Bh

oz Oxo 0T,

J = g N Oxo OTm
ox :

Ofn  Ofn ... Ofn

oz Oxo 0T,

Ila 6ucmo moOuinu jeMHCTBEH (AKTOP YCJIOBJEEHOCTH, MOPAMO Me(GUHUCATU HEKY HOPMY MAaTPUILE.

3.6 Hopwme maTpuiie m BeKTOpa
Hopma eexmopa x = (x1,...,2T,) je 6poj x| 3a xoju Bakn
e ||z]| >03ax>0um|z|| =0< 2 =0,
o [lc-z[=c-z], ceR,
o [lz+yll <zl + llyll-
Hopma mampuye A = [aijlnxn € R™™™ je 6poj ||A|| 3a xoju Baxu
e |A|>03a A>0u ||[A| =0 A=0,
o |c-Al=c-||A]l, c€R,
o [[A+ Bl < [lAl + B,
o [[A- B[ <|A]-[B].



Axo je |a;j| < ||Al] HopMa je kaHOHCEA.

Hopma MaTpuue je cazaache ca HOPMOM BEKTOPA, aKO 38 CBAKU BEKTOD & BAKU
[Az| < Al - [l[]-
Crenujanso, 3a ||z|| = 1 Tpeba na Baxu | Az| < ||A]|. Hajmama marpudsa HOpMa 3a KOjy OBO BasKU je

[All = max || Az|
[lll=1
7 338 BY Ce KaKe Ia je HOpMa MaTpUIle UHOYKO8AHA HOPMOM BEKMOPA WU ONEPAMOPCKE HOPMA.

HaBomumo mHIyKOBaHEe HOpME KOj€ CE€ UeCTO KOPUCTE: YHH(GOPMHA MIM OeCKOHAYHA HOPMa, 1- HOpMa
7 2- HOpMa WU eYKAUOICKE HOPMA CY DPEIOM

n

lelloc = max o, |4llee = gg?gxn; g,
=
n n

lelly =3 la1, 4l = max > Jaij],
j=1 i=1

1/2
m
]l = Z |z, |? ) | All2 = jmax )\3/2, \; cy comcrBere Bpenuoctu MarpumeAl A.
<ign

j=1
Bpatnmo ce pakropy ycnosmmenoctu ¢pyuruuje f: R™ — R™. N3 Tejnopose dpopmyiie caga mmamo

— Of;

Ay; ~
' =1 (9£L'j

ASL‘J‘,

na je

af; i
il Ay < [AZ]so - [
€Ly

n
Agi| < max |Az | max |3 5
j=1

3a penaTuBHE NPOMEHE OHIA BayKU

1A%]l0 _ Nzllool[lloo  |A%]
~X I
[l 19llo0 [E41PS

na je pakToOp YCJIOBJHEHOCTU

vy el

Ha kpajy, mocmaTpajMo ycaoBmbeHOCT peryiaapue marpurie A € R"*™ koja he 6utu BaskHA TPUIUKOM
pemaBama cucrtema jemHauuna AX = b.

Jedununuja 3.1. Konaumuonu 6poj necunrynapue marpune A je k(A) = ||A| - | A~ .

Baxu na je k(A) > 1 u ako je k(A) > 1, Taza je MaTpuna JIOme yCIOBILEHA.
Axo je A(xz + Ax) = b+ Ab, Tana Baxu

|Az]|

]|

N
ol

< k(A)

Baucra, b= Az u Az = A7 (b+ Ab) —z = A~LAb, ma je
Bl < Al Izl = [ Az] < A7) - Ab],

YUjUM MHOKEHEM CJIEeOU PEe3yJITaT.



