
1 Zadaci

1.1 Limesi nizova

1. Izraqunati limese nizova

(a) lim
n→∞

3n− 2

2n− 1
; (b) lim

n→∞

n4 − 1

n4 + 1
; (v) lim

n→∞

n3 − 2n+ 1

n4 + 2n2 + 7
;

(g) lim
n→∞

(n+ 2)!− (n+ 1)!

(n+ 3)!
; (d) lim

n→∞

(n+ 2)! + (n+ 1)!

(n+ 2)!− (n+ 1)!
;

(�) lim
n→∞

(n+ 1)(n+ 2)(n+ 3)

n3
; (e) lim

n→∞

(√
n2 + n+ 1− n

)
;

(�) lim
n→∞

(√
n2 + 5n+ 6−

√
n2 + n+ 3

)
; (z) lim

n→∞

(
3n+ 7

3n+ 2

)9n

;

(i) lim
n→∞

n
√
n2; (j) lim

n→∞

(√
n2 − 5n−

√
n2 + 7n− 9

)
;

(k) lim
n→∞

n
√

13n + 17n + 19n; (l) lim
n→∞

n
√

1 + 2n;

(	) lim
n→∞

n2 + 2n − lnn+ 3

3n + n3
; (m) lim

n→∞

1 · 2 + 2 · 3 + . . .+ n(n+ 1)

n3

(n) lim
n→∞

(
n2 − 2n+ 1

n2 − 4n+ 2

)n
.



1.2 Limesi funkcija

3. Izraqunati limese funkcija

(a) lim
x→−2

2x2 + 1

x2 − 3x+ 3
; (b) lim

x→2

x2 − 4

x2 − 5x+ 6
; (v) lim

x→−3
(
√

19 + x− 4);

(g) lim
x→0

tg x

2x
; (d) lim

x→0

sinx

sin 3x
; (�) lim

x→0

1 + cos x

x2
; (e) lim

x→0

sin 3x cosx

x
;

(�) lim
x→0

(x+ 1)5 − (1 + 5x)

x2 + x5
; (z) lim

x→∞

(x− 1)(x− 2)(x− 3)(x− 4)(x− 5)

(5x− 1)5
;

(i) lim
x→2

√
3− 2x+ x2 −

√
x2 − x+ 1

2x− x2
; (j) lim

x→16

√
x− 4

x− 16
; (k) lim

x→7

2−
√
x− 3

x2 − 49
;

(l) lim
x→∞

(
x2 + 2

x2 + 1

)3x2

; (	) lim
x→0

(e5x − 1) sinx

x2
.

4. Na�i izvode funkcija

(a) y = x2 + lnx+ arctg x; (b) y = cos 3x+ sinx+ 15; (v) y = ln(sin(cos(3x+ 5)));

(g) y =
x2

lnx+ 3
; (d) y = ee

ex

; (�) y =
√

lnx+ sinx; (e) y =

√
x

x+ 1
; (�) y = xex lnx;

(z) y = arctg
2x− 1

2x+ 1
; (i) y = arctg

√
x+ e+ π; (j) y = x arcsinx.

5. Izraqunati limese funkcija koriste�i Lopitalovo pravilo

(a) lim
x→∞

lnx
3
√
x

; (b) lim
x→0

sinx

x
; (v) lim

x→0

ln(1 + x)

x
; (g) lim

x→2

sin(x− 2)

8− x3
;

(d) lim
x→0

3x − 2x

x2 − x
; (�) lim

x→0

xtg x

sin 3x
; (e) lim

x→0

arcsin 4x

arctg 5x
; (�) lim

x→3

1
x
− 1

3

x2 − 9
;

(z) lim
x→∞

ex

5x+ 5
; (i) lim

x→∞

3 + ln x

x2 + 7
; (j) lim

x→0
x(lnx)2; (k) lim

x→0
lnxtg x;

(l) lim
x→0

xsinx; (	) lim
x→∞

(
1 +

3

x

)x
.



2 Rexe�a zadataka

2.1 Limesi nizova

1. Koristi�emo neke poznate limese

lim
n→∞

1

nk
= 0, za k > 0, (1)

lim
n→∞

n
√
n = 1, (2)

lim
n→∞

(
1 +

1

n

)n
= e, (3)

lim
n→∞

qn = 0, za |q| < 1, (4)

kao i Xtolcovu teoremu koja ka�e da ako su nizovi (an)n∈N i (bn)n∈N takvi da je (bn)n∈N

rastu�, va�i lim
n→∞

bn =∞ i ako postoji

lim
n→∞

an+1 − an
bn+1 − bn

,

onda postoji i

lim
n→∞

an
bn

i ova dva limesa su jednaka (Xtolcova teorema se koristi u delu (m)).

Tako�e, znamo da va�i

lnn << nk << an << n! << nn, (5)

gde je k ∈ N, a a > 1. Prethodni red nam govori da iako svaki od ovih izraza te�i besko-

naqnosti kada n te�i beskonaqnosti, znamo da je lnn
”
mnogo ma�e\ od nk, da je nk

”
mnogo

ma�e\ od an itd. Odatle zak	uqujemo da je limes neqeg
”
ma�eg\ pode	enog

”
ve�im\ jednak

nuli, pa je tako, na primer, lim
n→∞

lnn
n!

= 0.

Koristi�emo i Teoremu o dva policajca. Ova teorema ka�e da ukoliko imamo tri niza

(an)n∈N, (bn)n∈N i (cn)n∈N takva da za svako n ∈ N va�i an 6 bn 6 cn i ako je lim
n→∞

an = lim
n→∞

cn =

A, onda je i lim
n→∞

bn = A.

Ukoliko se u zadatku koristi neka od prethodnih formula to �e biti naznaqeno brojem

u zagradi iznad znaka jednakosti gde je odgovaraju�i limes iskorix�en.

Pre�imo sada na raquna�e limesa.

(a) lim
n→∞

3n− 2

2n− 1
·

1
n
1
n

= lim
n→∞

3− 2
n

2− 1
n

(1)
=

3

2



(b) lim
n→∞

n4 − 1

n4 + 1
·

1
n4

1
n4

= lim
n→∞

1− 1
n4

1 + 1
n4

(1)
= 1

(v) lim
n→∞

n3 − 2n+ 1

n4 + 2n2 + 7
·

1
n4

1
n4

lim
n→∞

1
n
− 2

n3 + 1
n4

1 + 2
n2 + 7

n4

(1)
= 0

(g) lim
n→∞

(n+ 2)!− (n+ 1)!

(n+ 3)!
= lim

n→∞

(n+ 2− 1)(n+ 1)!

(n+ 3)(n+ 2)(n+ 1)!

= lim
n→∞

n+ 1

(n+ 2)(n+ 3)
·

1
n2

1
n2

= lim
n→∞

1
n

+ 1
n2

1 + 5
n

+ 6
n2

·
1
n2

1
n2

(1)
= 0

(d) lim
n→∞

(n+ 2)! + (n+ 1)!

(n+ 2)!− (n+ 1)!
= lim

n→∞

(n+ 2 + 1)(n+ 1)!

(n+ 2− 1)(n+ 1)!

= lim
n→∞

n+ 3

n+ 1
·

1
n
1
n

= lim
n→∞

1 + 3
n

1 + 1
n

(1)
= 1

(�) lim
n→∞

(n+ 1)(n+ 2)(n+ 3)

n3
= lim

n→∞

n3 + 6n2 + 11n+ 6

n3

= lim
n→∞

(
1 +

6

n
+

11

n2
+

6

n3

)
(1)
= 1

(e) lim
n→∞

(√
n2 + n+ 1− n

)
·
√
n2 + n+ 1 + n√
n2 + n+ 1 + n

= lim
n→∞

(√
n2 + n+ 1

)2
− n2

√
n2 + n+ 1 + n

= lim
n→∞

n2 + n+ 1− n2

√
n2 + n+ 1 + n

·
1
n
1
n

= lim
n→∞

1 + 1
n√

1 + 1
n

+ 1
n2 + 1

(1)
=

1

2



(�) lim
n→∞

(√
n2 + 5n+ 6−

√
n2 + n+ 3

)
·
√
n2 + 5n+ 6 +

√
n2 + n+ 3√

n2 + 5n+ 6 +
√
n2 + n+ 3

= lim
n→∞

(√
n2 + 5n+ 6

)2
−
(√

n2 + n+ 3
)2

√
n2 + 5n+ 6 +

√
n2 + n+ 3

= lim
n→∞

n2 + 5n+ 6− (n2 + n+ 3)√
n2 + 5n+ 6 +

√
n2 + n+ 3

·
1
n
1
n

= lim
n→∞

4 + 3
n√

1 + 5
n

+ 6
n2 +

√
1 + 1

n
+ 3

n2

(1)
= 2

(z) lim
n→∞

(
3n+ 7

3n+ 2

)9n

=

(
3n+ 2 + 5

3n+ 2

)9n

= lim
n→∞

(
1 +

5

3n+ 2

)9n

= lim
n→∞

(
1 +

1
3n+2

5

) 3n+2
5
· 5
3n+2

·9n

(3)
= lim

n→∞
e

45n
3n+2

= e
lim
n→∞

45n
3n+2

= e15

(i) lim
n→∞

n
√
n2 = lim

n→∞

(√
n
)2 (2)

= 1

(j) lim
n→∞

(√
n2 − 5n−

√
n2 + 7n− 9

)
·
√
n2 − 5n+

√
n2 + 7n− 9√

n2 − 5n+
√
n2 + 7n− 9

= lim
n→∞

n2 − 5n− (n2 + 7n− 9)√
n2 − 5n+

√
n2 + 7n− 9

·
1
n
1
n

= lim
n→∞

−12 + 9
n√

1− 5
n

+
√

1 + 7
n
− 9

n2

(1)
= −6

(k) lim
n→∞

n
√

13n + 17n + 19n = lim
n→∞

19 n

√(
13

19

)n
+

(
17

19

)n
+ 1

(4)
= 19

Zadatak se mo�e uraditi i na drugi naqin korix�e�em Teoreme o dva policajca. Oz-

naqimo dati niz sa bn = n
√

13n + 17n + 19n. Primetimo da za svako n ∈ N va�i

an =
n
√

19n 6 n
√

13n + 17n + 19n 6 n
√

19n + 19n + 19n = cn,



kao i da je

lim
n→∞

an = lim
n→∞

cn = 19,

pa na osnovu teoreme zak	uqujemo da je i limes datog niza jednak 19.

(l) lim
n→∞

n
√

1 + 2n = lim
n→∞

2
n

√
1

2n
+ 1

(4)
= 2

(	) lim
n→∞

n2 + 2n − lnn+ 3

3n + n3
·

1
3n

1
3n

= lim
n→∞

n2

3n
+ 2n

3n
− lnn

3n
+ 3

3n

1 + n3

3n

(4),(5)
= 0

(m) lim
n→∞

1 · 2 + 2 · 3 + . . .+ n(n+ 1)

n3

Xtolc
= lim

n→∞

1 · 2 + 2 · 3 + . . .+ n(n+ 1) + (n+ 1)(n+ 2)−
(
1 · 2 + 2 · 3 + . . .+ n(n+ 1)

)
(n+ 1)3 − n3

= lim
n→∞

n2 + 3n+ 2

3n2 + 3n+ 1

=
1

3

(n) lim
n→∞

(
n2 − 2n+ 1

n2 − 4n+ 2

)n
= lim

n→∞

(
1− 1 +

n2 − 2n+ 1

n2 − 4n+ 2

)n
= lim

n→∞

(
1 +
−(n2 − 4n+ 2) + n2 − 2n+ 1

n2 − 4n+ 2

)n
= lim

n→∞

(
1 +

2n− 1

n2 − 4n+ 2

)n

= lim
n→∞

(
1 +

1
n2−4n+2
2n−1

)n2−4n+2
2n−1

· 2n−1

n2−4n+2
·n

(3)
= lim

n→∞
e

2n−1

n2−4n+2
·n

= e
lim
n→∞

2n2−n
n2−4n+2

= e2



2.2 Limesi funkcija

3.

(a) lim
x→−2

2x2 + 1

x2 − 3x+ 3
=

2 · (−2)2 + 1

(−2)2 − 3(−2) + 3
=

9

13

(b) lim
x→2

x2 − 4

x2 − 5x+ 6
= lim

x→2

(x− 2)(x+ 2)

(x− 3)(x− 2)
= lim

x→2

x+ 2

x− 3
=

4

−1
= −4

(v) lim
x→−3

(√
19 + x− 4

)
=
√

19− 3− 4 = 4− 4 = 0

(g) lim
x→0

tg x

2x
= lim

x→0

sinx

2x cosx
= lim

x→0

sinx

x
· 1

2 cosx
= lim

x→0

1

2 cosx
=

1

2

(d) lim
x→0

sinx

sin 3x
= lim

x→0

sinx
x

sin 3x
3x
· 3

=
1

3

(�) lim
x→0

1 + cos x

x2
=

2

0
= +∞

(e) lim
x→0

sin 3x cosx

x
= lim

x→0

sin 3x cosx

3x
· 3 = lim

x→0
3 cosx = 3

(�) lim
x→0

(x+ 1)5 − (1 + 5x)

x2 + x5
= lim

x→0

x5 + 5x4 + 10x3 + 10x2 + 5x+ 1− 1− 5x

x2(1 + x3)

= lim
x→0

x2(x3 + 5x2 + 10x+ 10)

x2(1 + x3)

= lim
x→0

x3 + 5x2 + 10x+ 10

1 + x3

= 10

(z) lim
x→∞

(x− 1)(x− 2)(x− 3)(x− 4)(x− 5)

(5x− 1)5

= lim
x→∞

x5 − 15x4 + 85x3 − 225x2 + 274x− 120

3125x5 − 3125x4 + 1250x3 − 250x2 + 25x− 1

=
1

3125



(i) lim
x→2

√
3− 2x+ x2 −

√
x2 − x+ 1

2x− x2
·
√

3− 2x+ x2 +
√
x2 − x+ 1√

3− 2x+ x2 +
√
x2 − x+ 1

= lim
x→2

3− 2x+ x2 − x2 + x− 1

x(2− x)
(√

3− 2x+ x2 +
√
x2 − x+ 1

)
= lim

x→2

2− x

x(2− x)
(√

3− 2x+ x2 +
√
x2 − x+ 1

)
= lim

x→2

1

x
(√

3− 2x+ x2 +
√
x2 − x+ 1

)
=

1

2(
√

3 +
√

3)

=
1

4
√

3

(j) lim
x→16

√
x− 4

x− 16
= lim

x→16

√
x− 4

(
√
x− 4)(

√
x+ 4)

= lim
x→16

1√
x+ 4

=
1

8

(k) lim
x→7

2−
√
x− 3

x2 − 49
· 2 +

√
x− 3

2 +
√
x− 3

= lim
x→7

22 − (x− 3)

(x+ 7)(x− 7)(2 +
√
x− 3)

= lim
x→7

7− x
(x+ 7)(x− 7)(2 +

√
x− 3)

= lim
x→7

−1

(x+ 7)(2 +
√
x− 3)

= − 1

56

(l) lim
x→∞

(
x2 + 2

x2 + 1

)3x2

= lim
x→∞

(
1 +

1

x2 + 1

)(x2+1) 1
x2+1

3x2

= lim
x→∞

e
3x2

x2+1 = e3

(	) lim
x→0

(e5x − 1) sinx

x2
= lim

x→0

e5x − 1

5x
· sinx

x
· 5 = 5

4.

(a) y′ = 2x+
1

x
+

1

1 + x2

(b) y′ = −3 sin 3x+ cosx

(v) y′ =
1

sin(cos(3x+ 5))
· cos(cos(3x+ 5)) · (− sin(3x+ 5)) · 3

(g) y′ =
2x(lnx+ 3)− 1

x
· x2

(lnx+ 3)2
=

2x(lnx+ 3)− x
(lnx+ 3)2

(d) y′ = ee
ex · eex · ex



(�) y′ =
1
x

+ cosx

2
√

lnx+ sinx

(e) y′ =

1
2
√
x
(x+ 1)−

√
x

(x+ 12)

(�) y′ = ex lnx+ x · (x lnx)′ = ex lnx+ x

(
ex lnx+

ex

x

)

(z) y′ =

2(2x+1)−2(2x−1)
(2x+1)2

1 +
(

2x−1
2x+1

)2 =
2

4x2 + 1

(i) y′ =
1

1 + (
√
x+ e+ π)2

· 1

2
√
x+ e+ π

=
1

1 + x+ e+ π
· 1

2
√
x+ e+ π

(j) y′ = arcsinx+
x√

1− x2

5.

(a) lim
x→∞

lnx
3
√
x

L.P.
=
∞
∞

lim
x→∞

(lnx)′

( 3
√
x)′

= lim
x→∞

1
x

1
3
x−

2
3

= lim
x→∞

3
3
√
x

= 0

(b) lim
x→0

sinx

x
L.P.
=
0
0

lim
x→0

(sinx)′

x′
= lim

x→0

cosx

1
= 1

(v) lim
x→0

ln(1 + x)

x
L.P.
=
0
0

lim
x→0

(ln(1 + x))′

x′
= lim

x→0

1
1+x

1
= 1

(g) lim
x→2

sin(x− 2)

8− x3
L.P.
=
0
0

lim
x→2

(sin(x− 2))′

(8− x3)′
= lim

x→2

cos(x− 2)

−3x2
= − 1

12

(d) lim
x→0

3x − 2x

x2 − x
L.P.
=
0
0

lim
x→0

(3x − 2x)′

(x2 − x)′
= lim

x→0

3x ln 3− 2x ln 2

2x− 1
= ln 2− ln 3

(�) lim
x→0

xtg x

sin 3x
L.P.
=
0
0

lim
x→0

(xtgx)′

(sin 3x)′
= lim

x→0

tgx+ x
cos2 x

3 cosx
= 0

(e) lim
x→0

arcsin 4x

arctg 5x
L.P.
=
0
0

lim
x→0

(arcsin 4x)′

(arctg 5x)′
= lim

x→0

4√
1−16x2

5
1+25x2

=
4

5

(�) lim
x→3

1
x
− 1

3

x2 − 9
L.P.
=
0
0

lim
x→3

(
1
x
− 1

3

)′
(x2 − 9)′

= lim
x→3

− 1
x2

2x
= − 1

54

(z) lim
x→∞

ex

5x+ 5
L.P.
=
∞
∞

lim
x→∞

(ex)′

(5x+ 5)′
= lim

x→∞

ex

5
= +∞

(i) lim
x→∞

3 + ln x

x2 + 7
L.P.
=
∞
∞

lim
x→∞

(3 + ln x)′

(x2 + 7)′
= lim

x→∞

1
x

2x
= 0



(j) lim
x→0

x(lnx)2 = lim
x→0

(lnx)2

1
x

L.P.
=
∞
∞

lim
x→0

((lnx)2)′(
1
x

)′
= lim

x→0

2 lnx · 1
x

−1
x2

= lim
x→0

−2 lnx
1
x

L.P.
=
∞
∞

lim
x→0

(−2 lnx)′(
1
x

)′
= lim

x→0

− 2
x

− 1
x2

= lim
x→0

2x

= 0

(k) lim
x→0

lnxtgx = lim
x→0

lnx
1

tgx

L.P.
=
∞
∞

lim
x→0

(lnx)′(
1

tgx

)′
= lim

x→0

1
x

− 1
(tgx)2

· 1
cos2 x

= lim
x→0

1
x

− 1
sin2 x
cos2 x

· 1
cos2 x

= lim
x→0

− sin2 x

x

= lim
x→0

sinx

x
· (− sinx)

= lim
x→0

(− sinx)

= 0



(l) lim
x→0

xsinx = lim
x→0

eln(x
sin x)

= lim
x→0

esinx lnx

= e
lim
x→0

sinx lnx

= e
lim
x→0

ln x
1

sin x

L.P.
=
∞
∞

e
lim
x→0

1
x

− cos x
sin2 x

= e
lim
x→0

sin x
x
·− sin x

cos x

= e
lim
x→0

(−tgx)

= e0

= 1

(	) lim
x→∞

(
1 +

3

x

)x
= lim

x→∞
e
ln
(
(1+ 3

x)
x
)

= lim
x→∞

ex ln(1+
3
x)

= e
lim
x→∞

x ln(1+ 3
x)

= e
lim
x→∞

ln(1+ 3
x)

1
x

L.P.
=
∞
∞

e
lim
x→∞

(
ln(1+ 3

x)
)′

( 1
x)
′

= e
lim
x→∞

− 3
x2

1+ 3
x

− 1
x2

= e
lim
x→∞

3x
x+3

= e3
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