
Óíèâåðçèòåò ó Áåîãðàäó

Ìàøèíñêè ôàêóëòåò

Ìåõàíèêà ðîáîòà

Âåæáå - äðóãà íåäå§à

Áåîãðàä, 2023.
NR



Çàäàòàê 4: Óçàñòîïíå ðîòàöèjå îêî îñà íåïîêðåòíîã êîîðäèíàò-

íîã ñèñòåìà Èçðà÷óíàòè ìàòðèöó òðàíñôîðìàèöjå çà ñëó÷àj äà ñå òå-
ëî îáð£å îêî îäãîâàðàjó£èõ îñà íåïîêðåòíîã êîîðäèíàòíîã ñèñòåìà Oxyz,
ñóêöåñèâíî. Íåêà ñå ïðâà ðîòàöèjà âðøè îêî îñå Ox çà óãàî α = 30◦, äðó-
ãà îêî îñå Oy çà óãàî β = 45◦, à òðå£à îêî îñå Oz çà óãàî γ = 60◦. Óâîäè
ñå ïðåòïîñòàâêà äà ñå êîîðäèíàòíè ñèñòåìè Oxyz è Oξηζ ó ïî÷åòíîì ïî-
ëîæàjó ïîêëàïàjó.
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Íàêîí ïðâå ðîòàöèjå çà óãàî α
óâîäèìî íîâè íåïîêðåòíè êîîð-
äèíàòíè ñèñòåì Ox2y2z2. Ñàäà
ñòàðè íåïîêðåòíè êîîðäèíàòíè
ñèñòåì Ox1y1z1 ïîñòàjå ïîêðåòàí.
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Íàêîí äðóãå ðîòàöèjå çà óãàî β
óâîäèìî íîâè íåïîêðåòíè êîîð-
äèíàòíè ñèñòåì Oxyz. Ñàäà ñòà-
ðè íåïîêðåòíè êîîðäèíàòíè ñè-
ñòåì Ox2y2z2 ïîñòàjå ïîêðåòàí.
Ðàäè âèçóàëèçàöèjå îäãîâàðàjó-
£èõ êðåòà»à, íà ñëèöè jå ïðèêà-
çàíî è òî êàêî îñà Oη îêðóæè
îêî îñå Oy1 çà óãàî β.
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Íàêîí ïîñëåä»å ðîòàöèjå çà óãàî
γ, êîîðäèíàòíè ñèñòåì Ox2y2z2
ñå ïîìåðà ó îäíîñó íà Oxyz. Íà
ñëèöè jå ïðèêàçàíî è òî êàêî
îñå Oζ è Oη êðóæå îêî îñå Oz
çà óãàî γ, ìå¢óòèì íèjå ïîòðåá-
íî ïîñåáíî âîäèòè ðà÷óíà î òî-
ìå, ñàìî jå ïîòðåáíî îäðåäèòè
ìàòðèöó òðàíñôîðìàöèjå èçìå¢ó
êîîðäèíàòíèõ ñèñòåìà Ox2y2z2 è
Oxyz.
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Äóàëíè îájåêòè
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Âåêòîðñêè ïðîèçâîä íèjå êîìóòàòèâàí!
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Íåïàðíè è ïàðíè ñòåïåíè äóàëíîã îájåêòà[
ad
]2i

= (−1)i−1a2i−2
[
ad
]2
, i = 1, 2, 3, .. (1)

[
ad
]2i−1

= (−1)i−1a2i−2
[
ad
]
, i = 1, 2, 3, .. (2)

ãäå a ïðåäñòàâ§à èíòåíçèòåò âåêòîðà (äóàëíîã îájåêòà ïðâîã ðåäà).

Çàäàòàê 5 Îäðåäèòè äóàëíå îájåêòå
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jåäèíè÷-

íîã âåêòîðà ~e = ~k = (0 0 1)T .
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
Ïðèìåíîì èçðàçà (2), îäðå¢ójåìî ïåòè ñòåïåí äóàëíîã îájåêòà (âåêòîðà
jåäèíè÷íîã èíòåíçèòåòà):
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Ñëè÷íî òîìå, ïðèìå»ójåìî èçðàç (1):
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Ðîäðèãîâ îáðàçàö: âåêòîðñêè îáëèê

~r1 = ~r0 + (1− cosϕ)~e× (~e× ~r0) + sinϕ (~e× ~r0)

� ~e - jåäèíè÷íè âåêòîð îñå îáðòà»à,

� ϕ - óãàî îáðòà»à,

� ~r1, ~r0 - ïî÷åòíè è êðàj»è ïîëîæàj ïðîèçâî§íå òà÷êå M ó îäíîñó íà
íåïîêðåòíè êîîðäèíàòíè ñèñòåì.

5



Çàäàòàê 6 Ïîçíàò jå âåêòîð ~P = (1 0 2)T . Îäðåäèòè âåêòîð ~P1 êîjè ñå

äîáèjà ðîòàöèjîì âåêòîðà ~P îêî îñå êîjà jå îäðå¢åíà jåäèíè÷íèì âåêòîðîì
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~P1 = ~P + (1− cosϕ)~e×
(
~e× ~P

)
+ sinϕ

(
~e× ~P

)

~e× ~P =

∣∣∣∣∣∣∣∣
~i ~j ~k
1√
3
− 1√

3

1√
3

1 0 2

∣∣∣∣∣∣∣∣ =
1√
3

(
−2~i−~j + ~k

)

~e×
(
~e× ~P

)
=

∣∣∣∣∣∣∣∣∣∣
~i ~j ~k
1√
3
− 1√

3

1√
3

− 2√
3
− 1√

3

1√
3

∣∣∣∣∣∣∣∣∣∣
= −~j − ~k

~P1 =


1
0
2

+

(
1− 1

2

)
0
−1
−1

+

√
3

2

1√
3


−2
−1
1

 =


0
−1
2


Ðîäðèãîâ îáðàçàö: ìàòðè÷íè îáëèê Ïîëàçå£è îä Ðîäðèãîâîã îáðà-
ñöà ó âåêòîðñêîì îáëèêó:

~r1 = ~r0 + (1− cosϕ)~e× (~e× ~r0) + sinϕ (~e× ~r0)

óêîëèêî èçðàçèìî âåêòîðñêè ïðîèçâîä óç ïîìî£ ïðîèçâîäà äóàëíîã îájåê-
òà ïðâîã âåêòîðà ñà äðóãèì âåêòîðîì:

~e× ~r0 =
[
ed
]
{~r0} , ~e× (~e× ~r0) =

[
ed
]2 {~r0}

ìîæåìî íàïèñàòè Ðîäðèãîâ îáðàçàö ó ìàòðè÷íîì îáëèêó:
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Óî÷àâàìî ìàòðèöó òðàíñôîðìàöèjå:
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]
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Çàäàòàê 6 - äðóãè íà÷èí
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