
Integrali - zadaci

Jelena Tomanovi�

NEODRE�ENI INTEGRAL

Integrali koji se svode na tabliqne

Pravila integracije

• homogenost:
∫
αf(x)dx = α

∫
f(x)dx, α 6= 0

• aditivnost:
∫

(f(x)± g(x))dx =

∫
f(x)dx±

∫
g(x)dx

Tablica integrala

•
∫
xαdx =

xα+1

α + 1
+ C, α 6= −1

•
∫

1

x
dx = ln |x|+ C

•
∫
axdx =

ax

ln a
+ C

•
∫
exdx = ex + C

•
∫

sinxdx = − cosx+ C

•
∫

cosxdx = sinx+ C

•
∫

dx

cos2 x
= tg x+ C

•
∫

dx

sin2 x
= −ctg x+ C
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•
∫

dx√
1− x2

= arcsinx+ C

•
∫

dx

1 + x2
= arctg x+ C

Napomena:
∫
dx = x+ C,

∫
0dx = C (ne 0)

Zadaci

1.
∫ (

6x2 + 7
)
dx

(
2x3 + 7x+ C

)
2.
∫ (

2x2 +
3

x
− sinx

)
dx

(
2

3
x3 + 3 ln |x|+ cosx+ C

)

3.
∫ (

1

2
ex − 2 cosx+ 3x−1/2

)
dx

(
1

2
ex − 2 sinx+ 6

√
x+ C

)

4.
∫

(x+ 1)2

x
dx

(
1

2
x2 + 2x+ ln |x|+ C

)

5.
∫

(x+ 1)(x2 − 3)

3x2
dx

(
1

6
x2 +

1

3
x− ln |x|+ 1

x
+ C

)

6.
∫

(1 +
√
x)(2− x)

x2
dx

(
−2

x
− ln |x| − 4√

x
− 2
√
x+ C

)

7.
∫ √

x− 1
3
√
x

dx

(
6

7
x7/6 − 3

2
x2/3 + C

)

8.
∫

x4dx

x2 + 1

(
1

3
x3 − x+ arctg x+ C

)

9.
∫

(1 +
√
x)4dx

(
x+

8

3
x3/2 + 3x2 +

8

5
x5/2 +

1

3
x3 + C

)

10.
∫

(1 +
√
x)1000dx

(
2

1000∑
k=0

(
1000

k

)
xk/2+1

k + 2
+ C

)

11.
∫
dx

2x

(
− 1

2x ln 2
+ C

)

12.
∫

3−xdx

(
− 1

3x ln 3
+ C

)
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13.
∫

2x+1 + 3x−1

6x
dx

(
− 2

3x ln 3
− 1

3 · 2x ln 2
+ C

)
14.

∫
dx

sin2 x cos2 x
(tg x− ctg x+ C)

15.
∫

tg2xdx (tg x− x+ C)

16.
∫ √

x

√
x
√
xdx

(
8

15
x15/8 + C

)

17.
∫

6

√
x5

4

√
x3
√
xdx

(
48

95
x95/48 + C

)

Smena promenǉive

∫
f(x)dx =

{
x = ϕ(t)

dx = ϕ′(t)dt

}
=

∫
f(ϕ(t))ϕ′(t)dt =

∫
f(ϕ(t))dϕ(t)

Zadaci

18.
∫

(2x+ 3)1000dx

(
(2x+ 3)1001

2002
+ C

)

19.
∫

dx

3x− 2

(
1

3
ln |3x− 2|+ C

)

20.
∫

cos 2xdx

(
1

2
sin 2x+ C

)

21.
∫

3x2 − 2

x3 − 2x
dx

(
ln |x3 − 2x|+ C

)
22.

∫
xdx

3
√
x2 − 1

(
3

4
(x2 − 1)2/3 + C

)

23.
∫

2x−
√

arcsinx√
1− x2

dx

(
−2
√

1− x2 − 2

3
(arcsinx)3/2 + C

)
24.

∫
dx

x lnx
(ln | lnx|+ C)
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25.
∫

dx

x lnx ln(lnx)
(ln | ln(lnx)|+ C)

26.
∫

exdx

1 + e2x
(arctg ex + C)

27.
∫
e3x − 1

ex − 1
dx

(
1

2
e2x + ex + x+ C

)

28.
∫
x(1− x)10dx

(
(1− x)12

12
− (1− x)11

11
+ C

)

29.
∫
x5(2− 5x3)2/3dx

(
1

200
(2− 5x3)8/3 − 2

125
(2− 5x3)5/3 + C

)

30.
∫
x
√
x+ 2dx

(
2

5
(x+ 2)5/2 − 4

3
(x+ 2)3/2 + C

)
31.

∫
dx√

x(1− x)

(
2 arcsin

√
x+ C

)
32.

∫
dx√

x+ 2−
√
x+ 1

(
2

3

(
(x+ 2)3/2 + (x+ 1)3/2

)
+ C

)

33.
∫ √

1− x
1 + x

dx
(

arcsinx+
√

1− x2 + C
)

34.
∫

dx

x
√
x2 − 1

(
arctg

√
x2 − 1 + C, − arcsin

1

x
+ C

)
35.

∫
dx√

x(1 + 3
√
x)

(
6
(

6
√
x− arctg 6

√
x
)

+ C
)

36.
∫ √

1− x2dx
(

1

2
arcsinx+

1

4
sin(2 arcsinx) + C

)

37.
∫

dx

x2 + a2

(
1

a
arctg

x

a
+ C

)
38.

∫
dx√
a2 − x2

(
arcsin

x

a
+ C

)
39.

∫ √
a2 − x2dx

(
a2
(

1

2
arcsin

x

a
+

1

4
sin
(

2 arcsin
x

a

))
+ C

)
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40.
∫

tg 3xdx

(
−1

3
ln | cos 3x|+ C

)

41.
∫

sin 3x sin 6xdx

(
1

6
sin 3x− 1

18
sin 9x+ C

)

42.
∫

cosx cos 2x cos 5xdx

(
1

8
sin 2x+

1

16
sin 4x+

1

24
sin 6x+

1

32
sin 8x+ C

)

43.
∫

cosxdx√
2 + cos 2x

(
1√
2

arcsin

(√
2

3
sinx

)
+ C

)

44.
∫

sin4 x sin 2xdx

(
1

3
sin6 x+ C

)

45.
∫

sin2 xdx

(
1

2
x− 1

4
sin 2x+ C

)

46.
∫

sin4 xdx

(
3

8
x− 1

4
sin 2x+

1

32
sin 4x+ C

)

47.
∫

sin5 xdx

(
−1

5
cos5 x+

2

3
cos3 x− cosx+ C

)
48.

∫
dx

sinx

(
ln
∣∣∣tg x

2

∣∣∣+ C
)

49.
∫

dx

cosx

(
ln

∣∣∣∣tg x+ π/2

2

∣∣∣∣+ C

)

50.
∫

xdx

sinx2

(
1

2
ln

∣∣∣∣tg x22
∣∣∣∣+ C

)

51.
∫

dx

x
√

1− x2

(
1

2
ln

∣∣∣∣tg arcsinx

2

∣∣∣∣+ C

)
52.

∫
dx

1− cosx

(
−ctg

x

2
+ C

)
53.

∫ √
1− sin 2xdx

(√
1 + sin 2x+ C

)

Parcijalna integracija
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∫
udv = uv −

∫
vdu

Zadaci

54.
∫
xexdx (xex − ex + C)

55.
∫
x2e3xdx

(
1

27
(9x2 − 6x+ 2)e3x + C

)
56.

∫
xdx

cos2 x
(xtg x+ ln | cosx|+ C)

57.
∫

xdx

sin2 x
(−xctg x+ ln | sinx|+ C)

58.
∫

lnxdx (x lnx− x+ C)

59.
∫

ln2 xdx
(
x ln2 x− 2x lnx+ 2x+ C

)
60.

∫
arctg xdx

(
xarctg x− 1

2
ln(1 + x2) + C

)
61.

∫
arcsinxdx

(
x arcsinx+

√
1− x2 + C

)
62.

∫
x2 arccosxdx

(
1

3

(
x3 arccosx+

1

3
(1− x2)3/2 − (1− x2)1/2

)
+ C

)
63.

∫
(arcsinx)2dx

(
x arcsin2 x+ 2

√
1− x2 arcsinx− 2x+ C

)
64.

∫
arctg

√
xdx

(
xarctg

√
x−
√
x+ arctg

√
x+ C

)
65.

∫
x3 cos 2xdx

(
1

2
x3 sin 2x+

3

4
x2 cos 2x− 3

4
x sin 2x− 3

8
cos 2x+ C

)

66.
∫
x ln2 xdx

(
x2

4
(2 ln2 x− 2 lnx+ 1) + C

)

67.
∫
x2 ln3 xdx

(
x3

27
(9 ln3 x− 9 ln2 x+ 6 lnx− 2) + C

)
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68.
∫
x ln

x+ 1

x
dx

(
1

2

(
x2 ln

x+ 1

x
+ x− ln |x+ 1|

)
+ C

)

69.
∫
x ln(x+

√
x2 + 1)√

x2 + 1
dx

(√
x2 + 1 ln(x+

√
x2 + 1)− x+ C

)
70.

∫
ex sinxdx

(
sinx− cosx

2
ex + C

)

71.
∫
eax sin bxdx

(
a sin bx− b cos bx

a2 + b2
eax + C

)

72.
∫
eax cos bxdx

(
a cos bx+ b sin bx

a2 + b2
eax + C

)

73.
∫

cos(lnx)dx

(
cos(lnx) + sin(ln x)

2
x+ C

)
74.

∫
x sin

√
xdx

(
−2x
√
x cos

√
x+ 6x sin

√
x+ 12

√
x cos

√
x− sin

√
x+ C

)

Rekurentne formule

Zadaci

75. In =

∫
lnn xdx (In = x lnn x− nIn−1, I1 = x lnx− x+ C)

I4 =

∫
ln4 xdx

(
I4 = x ln4 x− 4(x ln3 x− 3(x ln2 x− 2(x lnx− x))) + C

)
76. In =

∫
xnexdx (In = xnex − nIn−1, I0 = ex + C)

I5 =

∫
x5exdx

(
I5 = ex(x5 − 5(x4 − 4(x3 − 3(x2 − 2(x− 1))))) + C

)
77. In =

∫
dx

(x2 + 1)n

(
In =

x

2(n− 1)(x2 + 1)n−1
+

2n− 3

2(n− 1)
In−1, I1 = arctg x+ C

)
I3 =

∫
dx

(x2 + 1)3

(
I3 =

x

4(x2 + 1)2
+

3x

8(x2 + 1)
+

3

8
arctg x+ C

)
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78. In =

∫
sinn xdx(

In = − 1

n
sinn−1 x cosx+

n− 1

n
In−2, I1 = − cosx+ C, I2 =

1

2
x− 1

4
sin 2x+ C

)
I7 =

∫
sin7 xdx(

I7 = −sin6 x cosx

7
+

6

7

(
−sin4 x cosx

5
+

4

5

(
−sin2 x cosx

3
+

2

3
(− cosx)

))
+ C

)
I8 =

∫
sin8 xdx(

I8 = −sin7 x cosx

8
+

7

8

(
−sin5 x cosx

6
+

5

6

(
−sin3 x cosx

4
+

3

4

(
x

2
− sin 2x

4

)))
+ C

)
79. In =

∫
cosn xdx(

In =
1

n
cosn−1 x sinx+

n− 1

n
In−2, I1 = sinx+ C, I2 =

1

2
x+

1

4
sin 2x+ C

)
I5 =

∫
cos5 xdx(

I5 =
cos4 x sinx

5
+

4

5

(
cos2 x sinx

3
+

2

3
sinx

)
+ C

)
I6 =

∫
cos6 xdx(

I6 =
cos5 x sinx

6
+

5

6

(
cos3 x sinx

4
+

3

4

(
x

2
+

sin 2x

4

))
+ C

)

Integracija racionalnih funkcija

Zadaci

80.
∫

xdx

(x− 3)(x+ 1)

(
3

4
ln |x− 3|+ 1

4
ln |x+ 1|+ C

)

81.
∫

3− 2x

x2 − x− 2
dx

(
−1

3
ln |x− 2| − 5

3
ln |x+ 1|+ C

)

82.
∫

dx

1− x2

(
1

2
ln

∣∣∣∣x+ 1

x− 1

∣∣∣∣+ C

)

83.
∫

dx

x2 − a2

(
1

2a
ln

∣∣∣∣x− ax+ a

∣∣∣∣+ C

)
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84.
∫

3x2 + 2x− 3

x3 − x
dx

(
ln

∣∣∣∣x3(x− 1)

x+ 1

∣∣∣∣+ C

)

85.
∫

2x2dx

x4 − 1

(
1

2
ln

∣∣∣∣x− 1

x+ 1

∣∣∣∣+ arctg x+ C

)

86.
∫

1− x
x2 + 2x+ 1

dx

(
− ln |x+ 1| − 2

x+ 1
+ C

)

87.
∫

dx

x2(x− 1)

(
ln

∣∣∣∣x− 1

x

∣∣∣∣− 1

x
+ C

)

88.
∫

dx

x(x2 + 1)2

(
ln |x| − 1

2
ln(x2 + 1)− 1

2(x2 + 1)
+ C

)

89.
∫

x3 + 1

x2 − 3x+ 2
dx

(
1

2
x2 + 3x+ 9 ln |x− 2| − 2 ln |x− 1|+ C

)

90.
∫

dx

1 + 2x2

(
1√
2
arctg x

√
2 + C

)

91.
∫

dx

x2 − x+ 1

(
2√
3
arctg

2x− 1√
3

+ C

)

92.
∫

dx

2x2 + 3x+ 2

(
2√
7
arctg

4x+ 3√
7

+ C

)

93.
∫

x4 + 1

x3 − 1
dx

(
1

2
x2 +

1

3
ln

(x− 1)2

x2 + x+ 1
+ C

)

94.
∫

dx

(x2 + 1)2

(
1

2

(
x

x2 + 1
+ arctg x

)
+ C

)
95.

∫
dx

(2x2 + x+ 1)3
(

2√
7

)5


4x+ 1√

7((
4x+ 1√

7

)2

+ 1

)2 +

3
4x+ 1√

7

2

((
4x+ 1√

7

)2

+ 1

) +

3arctg
4x+ 1√

7
2

+ C


96.

∫
x2 − 1

x4 + 1
dx

(
1

2
√

2
ln

∣∣∣∣∣x2 − x
√

2 + 1

x2 + x
√

2 + 1

∣∣∣∣∣+ C

)
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97.
∫
x2 + 1

x4 + 1
dx

(
1√
2
arctg

x2 − 1

x
√

2
+ C

)

98.
∫

dx

x4 + 1

(
1

4
√

2

(
ln

∣∣∣∣∣x2 − x
√

2 + 1

x2 + x
√

2 + 1

∣∣∣∣∣− 2arctg
x2 − 1

x
√

2

)
+ C

)

99.
∫

exdx

2e2x − 7ex + 3

(
1

5
ln

∣∣∣∣ ex − 3

2ex − 1

∣∣∣∣+ C

)

100.
∫

2 sinx

cos4 x− 3 cos2 x− 4
dx

(
1

20
ln

∣∣∣∣cosx− 2

cosx+ 2

∣∣∣∣− 1

5
arctg(cosx) + C

)

Integracija racionalnih trigonometrijskih funkcija

∫
R(sinx, cosx)dx =


tg
x

2
= t, dx =

2dt

1 + t2

sinx =
2t

1 + t2
, cosx =

1− t2

1 + t2

 =

∫
R∗(t)dt

∫
R(sin2 x, cos2 x)dx =


tg x = t, dx =

dt

1 + t2

sin2 x =
t2

1 + t2
, cos2 x =

1

1 + t2

 =

∫
R∗(t)dt

∫
R(sinx) cosxdx =

{
sinx = t,

cosxdx = dt

}
=

∫
R(t)dt

∫
R(cosx) sinxdx =

{
cosx = t,

− sinxdx = dt

}
= −

∫
R(t)dt

Zadaci

101.
∫

dx

sinx

(
ln
∣∣∣tg x

2

∣∣∣+ C
)

102.
∫

dx

2 sinx− cosx+ 3

(
arctg

(
2tg

x

2
+ 1
)

+ C
)

103.
∫

dx

(2 + cos x) sinx

(
1

3
ln
∣∣∣tg x

2

(
tg2

x

2
+ 3
)∣∣∣+ C

)
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104.
∫

1− sinx+ cosx

1 + sin x− cosx
dx

2 ln

∣∣∣∣∣∣
tg
x

2

tg
x

2
+ 1

∣∣∣∣∣∣− x+ C


105.

∫
dx

sin2 x+ 2 cos2 x

(
1√
2
arctg

tg x√
2

+ C

)

106.
∫

dx

cos4 x

(
1

3
tg3x+ tg x+ C

)

107.
∫

dx

sin4 x cos2 x

(
tg x− 2

tg x
− 1

3tg3x
+ C

)

108.
∫

1 + cos2 x

cos2 x
sinxdx

(
1

cosx
− cosx+ C

)

109.
∫

cos3 x

sin2 x
dx

(
− 1

sinx
− sinx+ C

)

110.
∫

sin2 x cos3 xdx

(
−1

3
sin3 x− 1

5
sin5 x+ C

)

111.
∫

sin 2x

cos3 x
dx

(
2

cosx
+ C

)

Integracija iracionalnih funkcija

I. I =

∫∫∫
R

x, m

√
ax + b

cx + d

dx, ¬(a = 0∧ c = 0)

1. ad 6= bc :
ax+ b

cx+ d
= tm, x = ..., dx = ...; I =

∫
R∗(t)dt

2. ad = bc :
ax+ b

cx+ d
=
a

c
; I =

∫
R∗(x)dx

Zadaci

112.
∫

1

(1 + x)2

√
1 + x

1− x
dx

(
−
√

1− x
1 + x

+ C

)

113.
∫

1

x

√
1− x
1 + x

dx

(
ln

∣∣∣∣√1− x2 − 1

x

∣∣∣∣+ 2arctg
√

1− x
1 + x

+ C

)
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114.
∫ √

x− 1

x+ 1
dx

(
1

4

(
ln
∣∣∣√x2 − 1− x

∣∣∣+ x+ 1
)

+ C

)
115.

∫
dx

(2− x)
√

1− x
(
−2arctg

√
1− x+ C

)
116.

∫
x− 1

3
√

2x+ 1
dx

(
3

20
(2x+ 1)5/3 − 9

8
(2x+ 1)2/3 + C

)

II1. I =

∫∫∫
R
(
x,
√
ax2 + bx + c

)
dx – trigonometrijske i hiper-

boliqke smene

1. I = · · · =
∫
R∗(t,

√
t2 + 1)dt = {t = tg s ili t = sh s} = · · ·

2. I = · · · =
∫
R∗(t,

√
t2 − 1)dt =

{
t =

1

cos s
ili t = ch s

}
= · · ·

3. I = · · · =
∫
R∗(t,

√
1− t2)dt = {t = sin s ili t = th s} = · · ·

Zadaci

117.
∫ √

x2 + 1dx

(
1

8

(
x+
√
x2 + 1

)2
+

1

2
ln
(
x+
√
x2 + 1

)
− 1

8

1(
x+
√
x2 + 1

)2 + C

)

118. I =

∫ √
2x2 + 3x+ 3dxA =

4x+ 3√
15

+

√(
4x+ 3√

15

)2

+ 1, I =
15

8
√

2

(
1

8
A2 +

1

2
lnA− 1

8

1

A2

)
+ C


119.

∫
dx√
x2 + 1

(
ln

∣∣∣∣tg arctg x+ π/2

2

∣∣∣∣+ C; ln
(
x+
√
x2 + 1

)
+ C

)

120.
∫

dx√
x2 + x+ 1

ln

2x+ 1√
3

+

√(
2x+ 1√

3

)2

+ 1

+ C


121.

∫
dx

(x+ 1)2
√
x2 + 2x+ 2(

− 1

sin(arctg (x+ 1))
+ C; − 2(

x+ 1 +
√
x2 + 2x+ 2

)2
+ 1

+ C

)
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122.
∫ √

x2 − 1dx

(
1

8

(
x+
√
x2 − 1

)2
− 1

2
ln
(
x+
√
x2 − 1

)
− 1

8

1(
x+
√
x2 − 1

)2 + C

)

123. I =

∫ √
2x2 − 3dx(

A = x

√
2

3
+

√
2

3
x2 − 1, I =

3√
2

(
1

8
A2 − 1

2
lnA− 1

8

1

A2

)
+ C

)

124.
∫

dx√
x2 − 1

ln

∣∣∣∣∣∣∣tg
arccos

1

x
+
π

2
2

∣∣∣∣∣∣∣+ C; ln
(
x+
√
x2 − 1

)
+ C



125.
∫

dx√
x2 − 3x+ 1

ln

2x− 3√
5

+

√(
2x− 3√

5

)2

− 1

+ C


126.

∫ √
1− x2dx

(
1

2
arcsinx+

1

4
sin(2 arcsinx) + C

)

127.
∫ √

3− 2x− x2dx
(

2 arcsin
x+ 1

2
+ sin

(
2 arcsin

x+ 1

2

)
+ C

)

128.
∫ √

x− 4x2dx

(
1

64
arcsin(8x− 1) +

1

128
sin(2 arcsin(8x− 1)) + C

)

II2. I =

∫∫∫
R
(
x,
√

ax2 + bx + c
)
dx – Ojlerove smene

1. ax2 + bx+ c = a(x− x1)(x− x2), x1, x2 ∈ R :

a(x− x1) = (x− x2)t2, x = ..., dx = ...

2. a > 0 :
√
ax2 + bx+ c = t±

√
ax, x = ..., dx = ...

3. c > 0 :
√
ax2 + bx+ c = tx±

√
c, x = ..., dx = ...

I =

∫
R∗(t)dt

Zadaci

129.
∫

dx

(x− 1)
√
x2 − 3x+ 2

(
2

√
x− 2

x− 1
+ C

)

13



130.
∫

dx

1− x2 + 2
√

1− x2

− 2√
3
arctg

2

√
1 + x

1− x
− 1

√
3

+ C


131.

∫
dx

x
√
x2 + 2x+ 3

(
1√
3

ln

∣∣∣∣∣
√
x2 + 2x+ 3− x−

√
3√

x2 + 2x+ 3− x+
√

3

∣∣∣∣∣+ C

)

132. I =

∫ √
x2 − 2x+ 2dx(

A =
√
x2 − 2x+ 2,

1

4

(
(A+ x)2

2
− A− x+ 2 ln |A+ x| − 1

2(A+ x− 1)2

)
+ C

)

133.
∫

dx

(1 + x)
√

1− x− x2

(
ln

∣∣∣∣ √
1− x− x2 − 1√

1− x− x2 − 1− 2x

∣∣∣∣+ C

)
III. Metod Ostrogradskog

∫
Pn(x)dx√
ax2 + bx+ c

= Qn−1(x)
√
ax2 + bx+ c+ λ

∫
dx√

ax2 + bx+ c

Zadaci

134.
∫

x2dx√
x2 − x+ 1

(
1

2
x+

3

4

√
x2 − x+ 1 + ln

(
1√
3

(
2x− 1 + 2

√
x2 − x+ 1

))
+ C

)

135.
∫

x3 + 1√
1− x− x2

dx

((
−1

3
x2 +

5

12
x− 31

24

)√
1− x− x2 − 1

16
arcsin

2x+ 1√
5

+ C

)

IV. Binomni integral:
∫∫∫

xm(a+ bxn)pdx, a, b ∈ R, m, n, p ∈ Q

xn = t

1. p ∈ Z : t = sk, k (najmaǌi) imenilac
m+ 1

n

2.
m+ 1

n
∈ Z : a+ bt = sk, k (najmaǌi) imenilac p

3.
m+ 1

n
+ p ∈ Z :

a+ bt

t
= sk, k (najmaǌi) imenilac p

Zadaci
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136.
∫
x−11(1+x4)−1/2dx

(
1

10

(
1 + x4

x4

)5/2

− 1

3

(
1 + x4

x4

)3/2

+
1

2

(
1 + x4

x4

)1/2

+ C

)

137.
∫

dx√
x( 4
√
x+ 1)10

(
− 1

2(1 + 4
√
x)8

+
4

9(1 + 4
√
x)9

+ C

)

138.
∫ √

1 + 3
√
x

3
√
x2

dx
(
2(1 + x1/3)3/2 + C

)

ODRE�ENI INTEGRAL

Pravila integracije

• homogenost:
∫ b

a
αf(x)dx = α

∫ b

a
f(x)dx, α ∈ R

• aditivnost po integrandu:
∫ b

a
(f(x)±g(x))dx =

∫ b

a
f(x)dx±

∫ b

a
g(x)dx

• aditivnost po oblasti integracije:
∫ b

a
f(x)dx =

∫ c

a
f(x)dx±

∫ b

c
f(x)dx

•
∫ b

a
f(x)dx = −

∫ a

b
f(x)dx

• f(−x) = −f(x):
∫ a

−a
f(x)dx = 0, f(−x) = f(x):

∫ a

−a
f(x)dx = 2

∫ a

0
f(x)dx

ǋutn-Lajbnicova formula∫ b

a

f(x)dx = [F (x)] |ba = F (b)− F (a)

{
x = ϕ(t), dx = ϕ′(t)dt

a→ α, b→ β

}
Smena promenǉive

∫ b

a

f(x)dx =

{
x = ϕ(t), dx = ϕ′(t)dt

a→ α, b→ β

}
=

∫ β

α

f(ϕ(t))ϕ′(t)dt =

∫ β

α

f(ϕ(t))dϕ(t)

15



Parcijalna integracija∫ b

a

udv = [uv] |ba −
∫ b

a

vdu

Zadaci

139.
∫ π/6

π/4

cosxdx

(
1− 1√

2

)

140.
∫ 1

0

(ex − 1)4exdx

(
(e− 1)5

5

)

141.
∫ 1

1/
√
2

arcsinxdx

(
(2
√

2− 1)π − 4

4
√

2

)

142.
∫ 16

9

dx√
x+ 9−

√
x

(
4(3−

√
2)
)

143.
∫ 1

0

dx

(x+ 1)(x+ 2)(x+ 3)

(
ln

27
√

3

32
√

2

)

144.
∫ T/2

0

sin

(
2πt

T
− ϕ

)
dt

(
T cosϕ

π

)

145.
∫ π

0

√
1 + cos 2x

2
dx (2)

146.
∫ 9

4

√
x√

x− 1
dx (7 + 2 ln 2)

147.
∫ π/2

0

x2 sin 3xdx

(
− 1

27
(3π + 2)

)

148.
∫ 5

−5
x4 sin 5xdx (0)

149. In =

∫ e

1

lnn xdx (In = e− nIn−1, I1 = 1)

I4 =

∫ e

1

ln4 xdx (I4 = 3(3e− 4))

16



150. In =

∫ π/2

0

sinn xdx

In =


(n− 1)!!

n!!
, n neparno

(n− 1)!!

n!!
· π

2
, n parno


I12 =

∫ π/2

0

sin12 xdx

(
I12 =

231π

2048

)

151.
∫ 1

0

x4dx√
x2 − x+ 1

(
1− 3

2
ln 3

)

152.
∫ b

−b

√
a2 − x2dx

(
a2
(

arcsin
b

2
+

1

2
sin

(
2 arcsin

b

a

)))

NESVOJSTVENI INTEGRAL

Zadaci

153.
∫ 0

−∞
exdx (konvergira ka 1)

154.
∫ ∞
0

e−xdx (konvergira ka 1)

155.
∫ ∞
−∞

e−xdx (konvergira ka 2)

156.
∫ ∞
0

xe−xdx (konvergira ka 1)

157.
∫ 2

1

dx

x lnx
(odre�eno divergira ka ∞)

158.
∫ 1

−1

dx√
1− x2

(konvergira ka π)

159.
∫ ∞
−∞

dx

x2 + 2x+ 2
(konvergira ka π)

160.
∫ 1

0

dx

x1/2
(konvergira ka 2)
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161.
∫ 1

0

dx

x3
(odre�eno divergira ka ∞)

162.
∫ 1

0

dx

xk
, k > 0(

za 0 < k < 1 konvergira ka
1

1− k
, za k ≥ 1 odre�eno divergira ka ∞

)
163.

∫ ∞
1

dx

x1/3
(odre�eno divergira ka ∞)

164.
∫ ∞
1

dx

x2
(konvergira ka 1)

165.
∫ ∞
1

dx

xk
, k > 0(

za k > 1 konvergira ka
1

k − 1
, za 0 < k ≤ 1 odre�eno divergira ka ∞

)
166.

∫ ∞
0

dx

xk
, k > 0 (odre�eno divergira ka ∞ (za svako k))

167. In =

∫ ∞
0

xne−xdx (n ∈ N0), I5 =

∫ ∞
0

x5e−xdx (In = n!, I5 = 120)

168. In =

∫ ∞
0

x2n+1e−x
2

dx (n ∈ N0), I6 =

∫ ∞
0

x13e−x
2

dx

(
In =

1

2
n!, I6 = 360

)

PRIMENE ODRE�ENOG INTEGRAL

Povrxina ravne figure

• Dekartove koordinate – x ∈ [a, b], y = y(x) ≥ 0 : P =

∫ b

a

y(x)dx

• Dekartove koordinate – y ∈ [c, d], x = x(y) ≥ 0 : P =

∫ d

c

x(y)dy

18



• Parametarski – x = x(t), y = y(t), t ∈ [α, β] : P =

∫ β

α

y(t)ẋ(t)dt

• Polarne koordinate – x = ρ cosϕ, y = ρ sinϕ : P =
1

2

∫ β

α

ρ2(ϕ)dϕ

Zadaci

169. Primenom odre�enog integrala izraqunati povrxinu onog

dela kruga K(0, r) koji se nalazi u prvom kvadrantu.
(
r2π

4

)
170. Izraqunati povrxinu figure ome�ane kru�nicom K : x2 +

y2 = 16 i parabolom P : y2 = 6x.
(

4

3

(
4π +

√
3
))

171. Izraqunati povrxinu figure ome�ane krivama y = tg x, y =

2

3
cosx i y-osom.

(
1

3
+ ln

√
3

2

)
172. Izraqunati povrxinu figure ome�ane krivama y = lnx i y =

ln2 x. (3− e)

173. Izraqunati povrxinu figure ome�ane parabolom y2 = 4(1 +
x), kru�nicom x2 + y2 = 4 i ǌenom tangentom u taqki (2, 0).(

8
√

3− 8

3
− 2π

)
174. Izraqunati povrxinu figure ome�ane krivom y2 = 2x − 1 i

pravom x− y − 1 = 0.

(
4
√

2

3

)

175. Izraqunati povrxinu figure ome�ane astroidom x2/3 +y2/3 =

a2/3, a > 0.
(

3a2π

8

)
176. Izraqunati povrxinu figure ome�ane lemniskatom (x2+y2)2 =

a2(x2 − y2), a > 0.
(
a2
)

Zapremina obrtnog tela
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• Dekartove koordinate – x ∈ [a, b], y = y(x) ≥ 0 : Vx = π

∫ b

a

y2(x)dx

• Dekartove koordinate – y ∈ [c, d], x = x(y) ≥ 0 : Vy = π

∫ d

c

x2(y)dy

• Parametarski – x = x(t), y = y(t), t ∈ [α, β] : Vx = π

∫ β

α

y2(t)ẋ(t)dt

• Polarne koordinate – x = ρ cosϕ, y = ρ sinϕ : Vx =
2

3
π

∫ β

α

ρ3(ϕ) sinϕdϕ

Zadaci

177. Izraqunati zapreminu tela koje nastaje rotacijom figure

ome�ane krivama y = x2 i y2 = x oko x-ose.
(

3π

10

)
178. Izraqunati zapreminu tela koje nastaje rotacijom figure

ome�ane krivom y = 2x − x2 i odseqkom [0, 2] x-ose, oko y-ose.(
8π

3

)
179. Izraqunati zapreminu tela koje nastaje rotacijom figure

ome�ane krivom y = sinx i odseqkom [0, π] x-ose, oko y-ose.(
2π2
)

180. Izraqunati zapreminu tela koje nastaje rotacijom figure

Φ =
{

(x, y) : y ≤ −x2, x2 − 1 ≤ y
}
,

oko x-ose.

(
2π
√

2

3

)
181. Izraqunati zapreminu tela koje nastaje rotacijom figure

ome�ane pravama x = arcctg
√

2, x = arcctg
√

3, y = 0 i krivom

y =
ctg x

√
ln(ctg x)

sinx
, oko x-ose.(

π

(
√

3 ln
√

3− 2
√

2

3
ln
√

2− 1

9

(
3
√

3− 2
√

2
)))

182. Izraqunati zapreminu tela koje nastaje rotacijom figure

ome�ane astroidom x2/3+y2/3 = a2/3 (a > 0) oko x-ose.
(

32π

105
a3
)
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183. Izraqunati zapreminu tela koje nastaje rotacijom figure
ome�ane jednim svodom cikloide x = a(t− sin t), y = a(1− cos t),
0 ≤ t < 2π (a > 0) i x-osom, oko x-ose.

(
5a3π2

)
184. Izraqunati zapreminu tela koje nastaje rotacijom kardioide

ρ = a(1 + cosϕ) (a > 0), oko x-ose.
(

8a3π

3

)

Du�ina luka krive

• Dekartove koordinate – x ∈ [a, b], y = y(x) : L =

∫ b

a

√
1 + (y′(x))2dx

• Dekartove koordinate – y ∈ [c, d], x = x(y) : L =

∫ d

c

√
1 + (x′(y))2dy

• Parametarski – x = x(t), y = y(t), t ∈ [α, β] : L =

∫ β

α

√
(x′(t))2 + (y′(t))2dt

• Polarne koordinate – x = ρ cosϕ, y = ρ sinϕ : L =

∫ β

α

√
(ρ′(ϕ))2 + (ρ(ϕ))2dϕ

Zadaci

185. Izraqunati du�inu luka krive y = x2 od taqke (0, 0) do taqke

(1, 1).
(

1

4

(
2
√

5 + ln
(

2 +
√

5
)))

186. Primenom odre�enog integrala izraqunati obim kruga polupre-
qnika r. (2rπ)

187. Izraqunati du�inu luka astroide x2/3 + y2/3 = a2/3, a > 0.
(6a)

188. Izraqunati du�inu luka cikloide x = a(t − sin t), y = a(1 −
cos t), t ∈ [0, 2π], a > 0. (8a)

189. Izraqunati du�inu luka kardioide ρ = 2a(1 + cosϕ), a > 0.
(16a)
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Povrxina obrtne povrxi

• Dekartove koordinate – x ∈ [a, b], y = y(x) : Px = 2π

∫ b

a

|y(x)|
√

1 + (y′(x))2dx

• Dekartove koordinate – y ∈ [c, d], x = x(y) : Py = 2π

∫ d

c

|x(y)|
√

1 + (x′(y))2dy

• Parametarski – x = x(t), y = y(t), t ∈ [α, β] : Px = 2π

∫ β

α

|y(t)|
√

(x′(t))2 + (y′(t))2dt

• Parametarski – x = x(t), y = y(t), t ∈ [α, β] : Py = 2π

∫ β

α

|x(t)|
√

(x′(t))2 + (y′(t))2dt

• Polarne koordinate – x = ρ cosϕ, y = ρ sinϕ :

Px = 2π

∫ β

α

ρ| sinϕ|
√

(ρ′(ϕ))2 + (ρ(ϕ))2dϕ

• Polarne koordinate – x = ρ cosϕ, y = ρ sinϕ :

Py = 2π

∫ β

α

ρ| cosϕ|
√

(ρ′(ϕ))2 + (ρ(ϕ))2dϕ

Zadaci

190. Primenom odre�enog integrala izraqunati povrxinu sfere
polupreqnika R.

(
4R2π

)
191. Izraqunati povrxinu povrxi koja se dobija rotacijom krive

(x− 1)2 + y2 = 1 oko y-ose.
(
4π2
)

192. Izraqunati povrxinu povrxi koja nastaje rotacijom astroide

x2/3 + y2/3 = a2/3, a > 0, oko x-ose.
(

12a2π

5

)
193. Izraqunati povrxinu povrxi koja nastaje rotacijom kar-

dioide ρ = 2a(1 + cosϕ), a > 0, oko x-ose.
(

128a2π

5

)
194. Izraqunati povrxinu povrxi koja nastaje rotacijom lem-

niskate (x2+y2)2 = a2(x2−y2), a > 0, oko x-ose.
(

2a2π(2−
√

2)
)
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